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leftial, ditferoutlal equations play a central role lin way areas of OphIcs,
*Wagiwneuip and applied =themstiea. 2datezce and uniquneses tbeare. ave been
prnoid, and general properties or solution. bave boon studied# for large classes
at prObiems for pztial. dlfffewatlal oqiatlon. BNOVern expic It WAct solUtiono

.- At-Mý4411 tteMY tar sai"Wn applicatiows, can be obtainedu
only foe w.2atively few Vroblmmi %ad often the ..,s)test ram fa m wat thtoe
.slaatiass Is too comple to be us*Wfoltr pmaictlna appLientims. beenaas ort this,,
considerable effort bas beon devWua to the stady at s~prwAelts salvmtos wx.bods.
%*e fall mainly into two, categalee: uicslel metbods and asypanti artbaf.

Dosuse. or the at--lu PwIWo1e by? the dwelqmn*t bob 1 speud i1gital
eoW~tUv wiamuIal. onaysis bas mad. tramisdo strime In isecat yeaeps end far
am "Vo'* eInviDolving r,'Uae diftsnablal eq~tloians.w lrou1 intbods ean Ideally
suited. ftr tw rrm however these methods an4 isprsetiel o m re wbeles..
Tis is particul~arly true when am. Is prIanrily oomwnsd '4~th emb qaestiosu as
the ftiectiemal &aAepnde at the so"Io= on the parewitere and %be Asto -!' Un

Asyptatle us(.We~ haew been developed fte semm types at pro*3,o In
vu-ticular fOw certain ,a*lms Invdlving a Pireseter. Owb sethad. praride ane
or we arm at the asymptate e~oanaon (ssy for laroo valwasaeto the paremater)
afthew soution at the pm*Uwn Taq an applicable to map prIom tar ofte
emst Oal.a ow are amt evallabuse, nd ewesfor pblhm Which boew be"s savred
"0441,tY it often hepais that Galy the sasymptate "Pos~ton ot the solstice io
smftteleausimy~ple to be NOWla lk poeatial eppliostlom. Ammmans It to
Invariably true tbat the metbod. %Web Yield the aqePWWMi amitam directlyv
;,"e vay sob uimpler tran the peoete 4diab iwftvse firet flediuc the eamet
9InhMes *-! the Its agypakste eampues.

-ftl report Ls devote to the stufy of a eartals elass at aerateie
wMoitar limUngr pewtitl 41ffereatial eqiistim. A eamlwl featwe of mhk
OWGI i1e the AIQM Of OMY*s wWhIM *we OWN or str~tgh. lime. soe
rays wxe at twimmsotal ipotkaes becamse ell at the titiM 14 blob ask. IV the
varihm twims afthes ~pOtte espimie "a be ebows to Mutsty* ~ j i:~



Partial diffowenticl eqyitions to ordinary difflrentinl equtions. Often lhe

latter can be solved to yield explicitly the desired asysitaic expansions. In

now cases., how.ever, the ordinary ditrerezztlal, equations *ennot be solved explicitly.
This Is a l4Mitatior, of the method which is ofteii overlooked.

The historical development of ow subject Is already suggested by the term
Pray" which is u cnauroal Idea In "getretrical optics." in ow study of the

of an optical Veoblem Is identical to the leading to=s of tt- Psymptotic expansion

(for large frequiencies) of the solution of an capwgrcpst* problem for the reamced

move equation. Thuas tLw asyrPtotie metbcW 810s thait qteatftio optics io a

first appradvation to "tiave oytic.". DAt in addtion to this Importnt insight,
the method provides Ntrthct team in the asymptti~c eapcnston. These tasm exe

or COAwse partiolarlay leportont in regione (such to oahaam regsafs") wbeves the

gecotrical optics toms Is m.~ . The prneeune at maU 4isturtowea in pcmetreul.
3hadw rceions br. bccn calUlcd the phcnoccow of "dIffraotloe. ¶bue we my say
that tbe asymptotl theory #~f the reided avemi syatIca yiees no onay the o2~nsiml
gwiemiriaal colea, but miso e newt *gmeetricl theory of dUtwwAa&o. * Ws sdAi

not attemp to sominrlse the history of either the eaeaeleia2 or cAm theoy heir.
Owerm,the reftemso to this report wevlde an @*Ajm of saw at the ecs'iftutlo
vtdcb haes eaestitated the wera dmflaimsas.

Let w asndleate very briefly the steps 2weoived Is n the ept)tte intbad.
for "Ismi uhIch MRa be sa~ved te tu'0eMnteati of the assseie* eanafslan
of the *"luIca wshw Itat It cowtst-i X a am at tomp each at Wbeb Us on
asymyktle sates immilvift a Webae NAtilee and as infinite seyine at "VA03twks
fteaticaso. ft &**I" Pr*Iin, VO therefore asuem that tus Solals is sueo
a am of monb aeries. &I Irtwtm Lowaka seirie. Into thm, Vutia difftatlrmal
aquation V, -Ind frsrt that the ON" rmaiftic satisfies a frst evenr "loxb
airtormatinl ow f. wbieb am be salved by thOme sa~hd at emnetw~uisies.0 im
dwe~t qie eamve or* the rap %Miob we hae ws Iid ead th es~eetwInti~e
evatisa Will be sale~d *my evatim"e. lke the *aenot fwiom "Uaties en



ordinay Wiferentiul equautiom ;_lon, the rays. WA also flad that the amplitude

functions satisfy oreimary dlfftex-ntl .l eWixtiLoma long~ the rays. In order to
fIi4 the rayn mid the phase~ nnd enplitude funtions it is necessary to specify
initial conditions for cUf of these ordinary diftrarantlal eqmtions. in ams

cases the initia conditions are a direct consoqunere of the dnta of the problem
In thr th~e 4%-ta @tr* ~a t r ned, from s wcanonicel problsn." A canoonil probles

is a problem viLh the ease local tfatures an the given "olee. It it~o 11"vew
aufficlenly sillea to be solved etact.ly. %Tos requaired initivi nuaawi~~a. or m

givea problax crao btzlncd by emminstioo of the ftaympette eqanseion of the

soluion~ of the canonical problem. Cur uase of the word siqles" in em- ation with
camuncal problem Las perbipep misleading. Often t'-- solution of a ononoie-Ll

problie iIs&am abitlas research vo.lect. One It is tmaMý haoerter (w* oa ded
asyptotiosally) It yields this uwessry informtion toauqplate the agaptatis
::~'A.oa or a great MtiW problum which eaux* be salved v*afctly. IThm the asympkatic
metbod &lso prvide. a vide application fore~est solaton of "si4pl. pe~bobom

b- on u&Mittml aiftiace ftrw stiy g tbm,
Ul Is by moe elear that the osyqutio mothed isvolves several v4W@,ed

aawzonges. 2% Is therefore ressembla to, ask whether it can be proved that It
&we. ledeed yield the ari~ketic eqmAdsoe of the exect sotluton fvt t~w. given
p~m.l lb gemaX otsOf this ftat hoe. yet bee given. Noverthelees thee.
Is aobuaft ewidemmu of the validity' of Lie bated. Sosweidesao it butaued
eitbar ty co~arison of the reseults of the eksyepetiel asetw with the asy)tetto
ovipn~taf of enot solutiemm (Ow~er 800h solutions ar. .mialable), or by comparson
vith IMMOs04.leflad eSOewlt~l SthedSS.

ChseW A pewide. the wont camlete iUbu*Mtaatonf aw asthed. to ^Jot

ab@VLw we hoew attsmpW to provlide a uAaitied may'w ot the eidstin litauttuQ
as the aspekta Warsv of the rtftesd wave e~mAti. ftIsoa Ih~ we appl
the swe Ustheds, to kwsell' a eqation. Naet of the rot~ thef, ane the am
as Is abaptee A# aed the weA= *005 p9 lubeq Leeeto I& Ladeiealies the

.58v anat 0t~ IL We bayie iluadl it beam. we vie* the aspetis
Notbo as a pseattea pmebredt for saevig problm,.M ther toe a lap dassz

tee the emisLioM Ot Prtb2ems IfnIvsiag the eisfie t s"fil. y~t~uws the
MWeeo ek&&A ste at thoo n fiel inkrebma 00"Uieat wWme #ie% lo nt alle n i i.
stUOy ot thw rse4e wave e~tiem.

'ruw*9shau fhe r~grt. vect"t are deftot- 1%y capita*l.
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A. Aszytotic Methods for the Reduced Wave Eqiation

Al. Asyi~oumc Solution of he Redueed Wsw Igmation

Let us consider a real o ca" •ex twuwt ic v(t, )0 lich insfUies

the wave enation

vtt a•o.

Rm the ra1 vnlmui awttion e(z) is the pyaptlem m.e at tim int.

x. We she look tr a product osolutim of (1) of te v a - g(t)n•C).

It we I nsert tkis tm' ifto (1) and seermtt variablmovW obtasn

C'2(y) --ftm .eo(2)
-a vp "St x a X Ln (2) �aiu dote the (oeotu) vam of the Aft-•hea

aide by' .J. Um (2) yitUa

-J.- ewltswt. 1

mM On w sti'tag W() i"t. (o ) we Chuia

4)(i,)

2VuoS (40t r is ea J10 tLM tSeM 196d NWU .Or

SthelOI IAt ts 1m8 wv to Iw6ADO 10o It

a 60"U.4 -ew*"& ,vee %°. to tmrq Et €o de nftU" t o! "u.

. -. 7e4. TWm () 'beam

lklokt) u- 0.(.)
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The c•Onstant wm is call thea ulr t f Mluecy of th. solmion be.ume

two 1lnmrry-Inaepeident selutioes of (1) vai Lbe i•al€c functions

*( -&A e" l 6(t) - •4•. With themwe can tormb tv 11Mar17-

indopendent product solutioa u(X)c-"m tan u(x).1:s Sin8ew the

eaoeE cmNpte of every solution -f (5) Is also a solution of (•),

it f•llows tht every product .olution ot (l) or t•oe rm u(x)eimt is

the CUa.LWA voe~4j t G: a -Outi=U ;.'; .27V

v(t,x) - u(x)e'"'• . ()

Ihert•ire It m,"Ices to study solutions vith n.mtIve timh f•ttws of tb

fam (6). It a real obiion v Is required, the el past at (6) is amb

We MkU w eonMlder the solution or (ý) fte large vebwe of k.

wa beau %Pttb tha aber•i•-ti that ibeo m(X) Is c€sban•t, (5) dits the

- ~we solutiona

bue 11e PMMU.Mito mw w it is a rel or eaqa.. neot"of leasth w ft-V k

&M tbo smlitued t (K) is * r"' W oem sa eammat. In feet it Man

rem tbr mrier U40Ma tboum that *my romie or () wth om"ast a

to # epaluseitio Ot plaw e ve solutions Or the fts (7). %ae eqstOL

a S. is COWlg the 16M facto of the 86isat.A Si we she Cll e

vdl the ~.~ Asslo with (1) weso she a ss " e ssi at 0~) or tdo

s(l) • amwh",,, e. (S)

v|ow I a i m • (a) las 0). am smm" gte m e .mstwo -

• , = i i i l l i i i i i i
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z nj : + 21kVI.BV + lkzA6 + t. 0. (9)

To solve (9) for lare values of k ,'e assume that z(X,k) can be expanded

in inverse powers of k. It is convenient to write the exPansion i.n termI

of (ik) in the form

,(x,k)V, - zm(x)(1k)"! - 1 £ (Y)(I.) z, '.. o fr m ,-.1, -2j,...,.

Mao

we hLve used the sal of asyaiiotic eq lity in (10) to indicate that thoo

series must be an asymtoti e aansion of & as k -so. TUis mans thit for

ouch n > 0 n
%(X,k) - t(X)(1k)"u 4- 0(1'n).()

Br def.,iniion the w4er uyol donates & tem for vhib Use kaIo(k*M)I - 0.
k-6

We v•.i asmse tet, the expension of VS and 4 aft obtained bY tumes4/

differentiation of (10). Upon Inserting (,0) ino (9) We *tIin

hva (12) it fei3.cus tbat the coefficient oftSaab P.DW nt k

mest be zero. Ihe a a .1 we obtain

[(VB)2 .a , (33)

since% 'Io for a - -)a -0, uaswe Ruom# o s0 o (13) 10664 to

the Otnig20.JISA5 fft at

le.A2(X).



A!

For a o,3,2,..., the verichitg of the cc'-offrtints im•i.es

2 0~z* '0 0()

and

ava..vz + z s , 4 1,2, ... (16)

These equatton a"e call the t.-narort egubteons. We vii sno that

X. ean be obtalsd by swiv-iS (15) *nA the other z een be d~entwned

.uccesgmve11 frost(16)i
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A..'%. P-nse. wave-roru; anA rveav.

lhe elconal equation (1.14) Is a first order no a-l aesr paytisl

6.£eNreitlia equstion for s(x). 46 could obtain requited solutions of

(1,111) by apply1na the general theory of first order pArtial diffarent•• l

P atloas. Mmovewrtw. special form of (1.14.) enables us to take a sip.iftied

(though equlaI~aont) appoach, and avoid some at the co~lIctions ot the

aeriea.L E~ory.

2w. surfae of constant Phase. dctizau by s(z) a comstat, are

called ayQ . th ciurves ortbognal to he m be used to solve

(1.14) tar e(N). ose cuve, anaelled nks. (In the patrol tbmy

they a called te r M M . ) M patiam of a ray my

be vritten in terms of a peamater 0 In twe trm

I - (•','a~) - 1(e., (2.)

fet onditi~on oa artboimuily s

sm k(lis a' er• t1r7 wprporti,,lty teste. was auidM (2) 1w

2.1 difhtwe tjatsng with ropeet to a we Obtak

3 * I,U,3. (3)

a ( MitAs . d )11(0.1k)

"es.q C,), Capteir 2.
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Equations (4', are a system of three second-order ordinary differential

ewittiflnn Mrt t.hp rAys X(), and (5) det•r-mines the variation of the

pArmeaer o 1long a ray, once x has been chosen. de call these equations

the ram.ausion. It is to be noted that a does not occur in them. Hence

the rays are detenmied solely by na)), nce Initial values for (4) wee

speclfled. Of all the rays, a twc parG=tr rwIl•- awe arthoacoal to the

If ve choose X -an1 the raye quation ckc thetfor

(7)

Frm ( %) w that fur dtis colec of W, a Is Just re-1amt 61M th-

wwy. It we hoose)I a I aA em*te vhy tte ray eqaationh take tM

d~x 2

41

he. (7) or& (9) ILis toleer that it a ftests Are- 1agth

To o*IVOw the coreal eq"tion (1, 10 "t~ or w ow" tMa (1.114)

we (2) Aseu. tw the Gerwlvbwev or aleoft a tow, SIM remit

0
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ubop bt.g.ting (Ui) with respect to avwe obtain

,(XK . SX(Oo)] , / 1 J,2[.')'Ja,. (22)
U

S a * torl aA e-lOmth and (12) bcna

Ien* ve bq%" wrLtten s(a) for $;(a) and usede 9s.i3szr mostlam for a.

S1dWlay vbl6'n I It 1, (12) bwcei3

A(,.) -. (, + n2 (,r'). (t )

(13) MAs (116) ~,WOWA -'-*I faWiAU fma the vslam at 8 st MW PI&t CS

a roy in togeo of the ftho pt a S~vs p~mt.

Al- wnas 2t at !MOON trausut tort O s o faa the li

In the prtn"al oaotion the ways Waes UW to able" the

salAtam o(S) a the lesawl OVaOUt (.IA). rM -n Sla be wood to Sole

the t•anaport ovation (1.15) sa (1.). we tist sa that %.% is

",WtIaml to tm assatamal erwistive ot La tinhe direcios o@f

vkb to )WsA te my diectI Io . in et (s rn (2.2) we obmts

%. .- .- Ih '*D()J (2

T s we thet th tfuampt eqwttoms (I.)}, (L.3S) an, in toot,

Ara aorder, at1w 7Itermstl" eetleas QM uWia, as sY be

witta. 55

I ar
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Ve virl first obtain the soluul• SO of the hmogsnetes

equation (2) and then use it to obtain the solution of the inlonogsnscas

equation (3) by standard ,ethods. Actually, the soluaion of (2) Is most

easily obtained by returning to the form (1.13) and noting that that

equation nlv

OGven a ray, we mm consider a reg1w R of X-spcc bmaod by a tube

of rays c•utaimi th given ray, am two aemmota oa Veve-t•oate W(e )

and W(e) at the paints c 0 an a of the given ray (te ftll•).

viero)

SW To WIs "ns13a1 to fth sIdes at the tUc sand norm" to Its ens.

We -v qWY UWASa tboim e W the reooniA. IV vIrta" f () we

o. , ,,,V~a9. d o

lowe 11es tAt Vs~ orwt'oal to tAe v .ikw4M&ts. fUm fm

(1.11) w* me am 94,2 a. *Anew dr aiin a s t ft at raps ?

tM aiven n vwe wtLaL

a"s(e)wf')As) " as.,) row .o (.. (6)
uas me iooek hi ItiuvIy I~W~t eI e9m I i O
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t(o) to can" the AJ c It meaMeS- the 3musO of

tue of ran. It Is jut the Jacbbls of the sappsi by reys at V(o)

an V(oI). lwcs (6) MA (7) ve nm Obtainth4 mUtm of (2) ian taram

"o(') "%() LU, () e

Phur (a) ve no that se)vulee tovwne~ as the SWAuM root of at

alomu a m7, so that vwhm 4 im~iaes so Immme. bs ominmpme

o fthe "We teft to loem ese md ivergeme at tbm teom to doceset

It. be physical ilaftw tam Is PerAp mo 03laey am en (6)

As states Mt the esw= flml t 4f is eoinstmt aums an iofialtealI
tse ato s.

b a 4wr to obtals the soUtlem of the Idmaosmewe eUatB

(3) ve lmtwoee eoakum

r(.) -•• / 5

at the bmaes atm = o•e• that r()a 1. .Sm y IM eud

at Owftat$ at l6Wmbtws w Uokas fag a toUeset v(f) sub atl

%(*. v(e)r(o) (10)

If we attwentiate (10) Via MVeo to 4, Iiwt in (3), a me% t*at

r nUtit!Ie (8), ve obtaft

1 a1 04 (it)

n toa m ois mea, to on aetitrr smbtVe omtt.Is qal tv

"Vo

Lm0

Sl
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and the general solution of (3) is

a%(C) - clr(u)+r~q)v(O) cws) f xa)*( d'. ()

00

BY letting am v, me that c1  % (go), hence
•(.•)n~o•II• ° uin,1(a' x

@0
a - 1,2, .. (ib)

'It' ve choo I to be n"-1 then a denotes ere-lcarth mlag Ube ray and

I(a') wAt be replaced by *a"W) in (14). it ve choose k to be L then

(ib)u-r Jcm2
TO n

0 . - ,2, ... . (i,)

£1o. =e ca o haan a meua.

The soljlua v(t,X) of (1.1) roleeeats a d1statbme in t

phs.l.:al .. divw which ise chmerterivee by the pwpoaetion speed e('X) or

thot lin at o~f wtrs@on O(X) -co/e(X. be =dim. will be slUeA

aaa it then nIADOu1•m n am ustaat. In tois cam f" e*ll4t

r.islte s uioty oemiderbly.

Mot we as, ftww (2.h),tbat the reas w stetIt limse,

rME (2.1ý" that

$(a) a ,(.') * nC.e. (1)

Reon a amotee WC-lath slEow a . It a Is Mausmsar Ca 1 3

triam wvtrs. 90 1() so th•n

&W.) a (O) me - s* (+)



-12- A-4

lena. thO dAr4Mrce frCS the vev3-,LQ% ;(S)W 0 to the wave-triut

s(I) - s is Just (a-SOd/n. But lmjs 4lstence is the m wo an ry ray.

Therefore the vave-fronts torm a fauily of pw 3el . sracems.

mwe .e4wemsion (3.8) a (3.14) for so o s ca now be

consieahL~cey msinliflcd by sWeallii. to am*n 92meiatey facto of the

aiffawen*.iel geometry of mArfacem: let Vbe a resWio pvlnt Mn the

sUrface 8, and lot 3 bC the unit mRONI VeaWr W 4 at A'1 " •v•ry

plane t~aacu P. wbich Is parallel to 9 cuts 8 lIn a raurr caLloG a

OMLN&lJ3. let it denote the uur'atue wen 0 - ir the radiUm ot

crwaetoreoOf the Smwm section at the point P~ rat it depeds cm the

Glwoctlca of the plane. It can to Shon that t1wre eldt to arthowbml

directions, the o'nai. .ietm t pl, for wbich K Lum mx~m

eMA MlnIzU valws, Tb valwe aer Celled the m. hf1 e kam

and vill be demoted by 91 wd %. wi preduct

I 4. ad the t, S atP•1 " Let usen take S to be

the wa•w•euat V(01) (em meottam A3) Wm let !7 be the poit at Wee'-

MeUOtl Of the MY It of Interest amA the swtm V(01). The plsef at tMa

felamt flre4 Is Ab em t, be thn plam whito V(s) Ints

m io eswum %M Mradus of uumtie Is O1 .

III
-''''~~~~ ,, , , ,,vl J



The ray R Intersects the (perallel) wave-front W(a) at a poWn,P.

Witbout loss of ge~erality we ray smeasre o from the mea-frcot Vo)

Then a 0 and the liiatancc from P1 to P is a. Since the weve-fronts we.

Parallel the plan or the fijcare cuts W(e) in a narmi section with radius

of curvature p, + o, wAM W~. hyMww UuvAb*h Rt orthegon to th.- ;1=~ ef

...'. fl.r -ut:o ,:MU .+0

Furthermore it is Cleow "bL P1 4 + OM" 02 +40 s" the peiac'Pl raft'

of Curvature Ce V(V) at P.

15 i the ceiiter of curvbatre pacrmpniag tool At that

point the ray R an~i its neicubnrwiC ray l an Infinitesiml distence

easy, Intersect. )Um mvecidly %~ is a point on an eavelope of the

rami13, of rae-. lbea Ies a 1Ilar pMit q. cosr pasiili to the otber

principal radlus of curvaturepa am the two painte 41 mA le an

I *WOOhaltsve1 smlfa the ray tiinly. Th1* awsuii, C, to e.ale

the UatU or ml at thte rea. tinily, emdia the an m tamp"

to It. sm'aties te cauetic 606"erat~s to a cum or a point. In

the latter cam It is called a MM. Ow ftini at vye Itself (eset

asm," to V(91 ), hence to all the wvae ftrmUto~ Isolla a

-g," of rans.

3kv lot d be tOe emas. betiues te rep A. md Ti

eMfEh subtenda waes cn %I(03) md V(e) wbam 1.86th. we fiIIý =

(")i6 vapeetvaly. dUaLe-,ly W& Ay Coftieade a W % In the pIme

nomia to the zImwo of the f1Iu'em wbich mime em mle 4% With 3.

21. latter e862. subteati wars an V(%)m .) whose lUmsth on

086 a (0e2d)A% rempatively. It ftAW am (me 9eehiia AV~
that the .Quianicm ratio is siwea by
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- (0 40)dQ (p +a)dO,. (p+O) (02..0)
iad9) H12' 44

Here S(o) Is the Gaussian curvature at V(r) at P.

iqu=tson (4) uwarlea us to write the equation (3.8) san (3.11)

for the mplitude fimctio& a0 sMA In the sing e fai

o(2) " 0 (e) L J)

. r(po~oO)(•, o• )Lf2 .r.,L,)(TT., 7 ];

00 m i 1,2, ... . (6)

0. and 0 e.re the pri.;I'p•9 redii of cuviture or the wave-front at a 0.

At this point It night be well to pdat out the comection

batman our smu¢jet aM tho xinbjeet of gp amlUMLa1s, tar it is

clear tat soy of the tamh we bav4 In~troduaced such as Orme, unve

frame, "musti?, *tome, have bcatm borrowed fro that msbje•t. A

closer • 'pari#on shown that g ntarical coptles consists at a got of

rules for the custructiecs ot a fuection to rtWesmt wvme ]heacm.

Wei tNmet~ion turn, cut to be identical to the ftnation @eM(zod)80

wich Is the leading toen t our asaWtot• ,xpano.. (O•e nmsrka bher

awpy as well, to the easa of iMMssnefteSOUedi.. ACI) j assst., as to

the cas at busulawams mna). ZIdeed the asmpWttie Umoy eains

th apparent pm1ft that two qpito faffermt boasio tUeires, pM-

N*r.a4l ytMlas and waw opties (i.e. ate wave uati•es), #ney beew use

awaessNetly to desribc the n physical pheam . t etwo*, the

- netzricted theary, p•nmetlc optics, eam be cmpeted to be wsi

only 04 hh fr ' (ia, (sr ). t he -- AdI tam %R ftr a she h

is o*ten call"d, apwcgsiat.'y. t~ - gmase tonte . so l~ewr



teensup. CCM rectieMtQ geoetercml optics. In recenL vars t1* sub-

ject of geoetrIcal optics has been succemaftuly Vne:elied, prinipealiy

by J. S. Kller and his co-.orkrs, to e3oain the pbencm of tin

and other phenmenas nt accounted for by the claasial theory. Vs vill

have mar to say later sbabt this gM detal theory M 41f e~amn.

let Uaa also 0neilY *3mim LbW %vutA*M *OVA= WX *&CaWmuL

anA the exet tbeory of the re4beed vave eiatie. In spectsl cans,

i.e0. for special twice$ of the rfmcftia UCI). and for Pech4"Isos1V~Iwi.~C

bounaiaris with specalg gec tri.il' feabmrea, pr'3bma for the re&acs

vsw e itoen am be solved emt)y by the of ewnatim of

wmifablas. 'W- mach .t ea~tsoln s e eqMakd 100aspotealitro

lwm k, the emaslosOS an teJMA to agee. emetly 1% Wit se 5a*35*9*5

Wv we 000sWuheiC . U0mieer hUp c0ass of prdbls *thie em be "sIV@&

*e=lG Ia atraly reet"alted sad eam fr this clan et WboUf

the watotioe esobtia. can be *btatraw Ac amb Vson a&ih~ MA %ai W

the P*eesest mtod. or omum the tsilwi4 as ftS IMoMU0 1W

a ay wife alasa of "I* so the esolutio Is ba to eadt md to be

=190, tot .SVLisidt Msttab atiao U4 emt SDAORso Is vW*' PseibA.

a I M aS anis too "'.efi agMel "do& e 0 alm"se "-

pmosi at th ev emil n~atil At p1,MW so PM1 a.st M be 61vM

to sawr ft"i Omutia. vUsWertblee ameis1*) erm loisa

sewama with mati aobdutif *ib as be dtbml Prvt~fe so wi*b

~t~acctoe tia to'*'Wmy~.1 aftywausi.

4 6l



: -- 16- A5 i

WA. roves

List u smmrize our results for the o.mptotle solatioa U(X) of the re-

iuced ave equatior (1.5). From (I..^) sd (1.10) we hbey

UMX - sC' (ik)'m.()

I" bms sumeC zion~m 660 is a MUIU.1.1OC 02 znc ;.!C= wcu mcw . a rA t

(21.3) t given, at the point X(l) on a ray. b•

Reae a denotes ore-lw.1th ealow a ••y ThOe ways are A.tei.ntod by the ray eqestlom

(2.6). The aum1itoe aI(X s iSV"n at the pOM X() one acy by

s(X~u)wah())1~~iD( i * (3

cnd the other 1,(x) aen x1voc n1urriyo by (3.1k).

"Ubem the .mmetioa. O(X) Wi &.(X) t.*VL. ban detemismi, the sohles (1) to em

asp tie 1to matits of the r.4umeu wave eatlim. oak a luation will be Cause

a m . It tveaAOPtY t ~• thet em than w ray associated with a wv pase

tbw* a Sives potst X. In s6% 6" ms v•w•Ue of the Wave at X ISiva %W a

s om eotmfopss of the taem (1). 1 oa for a** m p•iesls *u0 . If so

wmol Tess t"rom a wia the "lug of the VR-e at tbat polot 1I ao . slue

tUS Wseed iwa eqeatotom is lset, the was o 4w muober of s"lutls ow it tI

alooa solutlce. Ve *Ij e th1t* the eestiO 6"It at a gives WOUM

for th Csises "Nv equens will, in $ms.-s, ""lost at a a wavems, it.

WWi~ olt seltated t* smtsy thyP Wo of tbe Pt lef.

I



-17- A6

In order to determine a vale unigqutly, Initial v%2ues for a must first te

prescribed. These Inotiual values detemine the family of rosp associated with the

weve and can be used in (2) to determine a at every point an every ray. in eadition,

initial values of the functions sm(x) must be precribed at ae point m seah my.

?ttbohae fjt~ett~c _M U14-= at evocr paint on every "y 1.7 (3) end (3.14). "P

Initial values for a and the a. are determined by the data ot the problem. for em.

ample in a radiatio problem in blch the solution is generated b7 a weree the

smw" will 4etner•:ae u€ich rays oema acd *tst the t- til w almsm a em the%. In

a bwmhtry value prblrn the iSoposee boundar data vill deuumi.e the initial

values.

To rOeepitat.: A solutiaon comists of a owm r. aw•e A wo is miqnly

detrmid by presribiq tngtti l wvmaee for *(I) n Initial 'Mwes foe the 16(l)

eO ea r. MOl the fst step in e 0deteonag a wmve to to solve the Initial

waliae proble tfor . This I the MAbct of the out *e@um.

VA. Intalwua nk oblase tow the Legea sa la

Zn the sal trUstmwet at the nitt~al vale yArM tow aleet orw partial

ditteuINAe L squtiem, 181titl mUM Of the sootism aN PWmeribed emR 4 OimsEt .

Z n ttssa t o" of ete"eal equAoch we we ll will tel w to omnier l. 41.

iam Iitial uei h. apuuit tGos a palm" . we will - teMe

initial vales prlem i the ardr of temwasta dimmaem at the ISOtIl MISlU.

I P". *%.-no. adwe sufo. Pa ane at tuese Prbleua "o sa MOI M amX

1ya 4et oui byqr fth m. o-P .w emolo OI InWSWtoa mAifeli dn*es. %ae-

ulttism o"tM tbat it be *at~img" fta "a UIa emu"

A mdAMiem a(S) Of WOe lM6006 .qaafti Will be, sel 10 be OM W1th

OW 0t to a sgmft 34 it et N the zaase 4ervIativwe of e0 W- • , is OeIttem

Per every caisin Normal I to iL r V toi a a"• p KrOe U* N .1.

l l l l l l ll l l l l l0
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ncz:l; if 1 !a a curve, the nor-al directions et a po•nt lie in the plnne

orthogonal to the curve; and if M is a surface there are two normal directions

at every point, one on each side of the surface.

The outfoing condition is consistent vith the physical picture of e dis-

t•u•bance Rpreading out from a source (vhether that source be a primary one tir, to

in UL. cau ýA" •-ei'.Lc6C;Zn Wy u "- ;.It.. .........--;-.-- -

secondary one). Mathematically, the "Outgoing condition" io the asymptotice

analogue of the radiation condition, vithout vhich the exact aolution oa - probime

for the reduced wave equation is not %utiquely determined.

For the initial value problem vith a point Initial usnitold P, we require

an outgoinG solution s(X' -"hich satisfies thy eonditien

,(P) *s . (W)

Clearly the solution is obtar5od by finding all the rsy that smonate from P.

Then, on each rays s(X) is given by

Itx(WO) - so 0 a rX(*')hboe. (2)

When the source ac m C we my describe It paxametricsy by the

eqiatior . a X (0 ) A1ewae 1 dnotes arcllngth along C. Let the prescribedl value

ot s on C be s[X,(M)a= so(r). nire.-ntMOAttn this equation with respect o

yields
"IXo do-

0' g ( 3 )

Rat us introduce the angle e(i) between go and the =it tangent vot•ew to the

-umve C at the point 11. Thin su, th.e length of"7 a is n

con(t•) Ow .t. .1 0
n(Xifl )
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Because the dirot-iUu of 8s is t.he ray direction, 13(A) is just ýhe angle betwem a

ray leaving t'e curvec C at 1 anrd the tangemt to C at i The rmys are those

vhlch emanate from the curve C, nt every point along it, m=king the angle 0 vith

Ci.. tlmaent to C at the point. p is Civen by (4). Thus the lnitial directluns of

the reys -emanating from encah pont 71 on C lie on a cone, the tangent to C at

being the axis of the cone and 8(n) being the saemi- ,gle of the cone. Then, %M

evmry rea X(a;1) lying on the conild omnating from the point X001), % io given by

SIx(.,1',)] - torn) + UIx{O, "1) I at,' . •

In the pspee~l efmt ir which *0, C4) show that S(/) m s so the come is a

plane nDoral to C.

When the itnitiql mnif'li L & surface, 6, we my wits Its equation

paramatriccily as a X x~Ck%.). It is cut'veient t~o chowe* Uke pimarmtors T)2 and

T1 to be rclenogthe esl orthogonal urves•• an a. lat the pes•e ibed wvlue of a

on 8be Oix 1 NY3  -30,. itrnaio of this equaation vith respect to

eh nd 11., y~lilds

At a point P' an a . amM are orthogonl unit v•tons lying is the Wmiet

lane to 8 et P. Lot 8 oote the angle between Vs sod N' " en (6)* yises,

at the point P,

These .equaics detmeeine two directiom at P an oppeete tsdeos a 8. Them am

t'e poesible directioLns at vs. Was two ims ewmte l im each pora 09 8 as

opposite *idn at t•he , art. On ef of the two mse Xh•.O%) mmntim tm

Uta point ECtI1,,) or. 2. s to ,i.e., by

e(Xseji,1d.j - e*sA V,~ *af .((.w1 1 ,~
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For campleteneV3 wC 01oe Mentiol the chsrwcterlstit' initial value p I far

the cieonal equat-ion: We assuma that the initial values a satis'fy the "surface
0

ei.cnal equation":

(0) 2n ons (9)8

Then if we choose as surface cc-ordirite curves the level curves

so ý utm-n the ortgonzm einA.1ent murvps, ve may intwe~ki" the~ surface pars.

te.- rt. ITitt" ror- ito +.-......- labels the Aro4ten't curvess

e.g., Nar-letgth alog one C evwl curve. If 1, end T denote awe-leneth pmianeters

correspoiding to and v e2 (9) hm.plies

• • - •(lo)

and elearly
bo 0 T

it lua from (p )taat 0 d r .-d 2 .u/2 ,I.e., therepsant tanget•tto S. in

this cu* since .is pwewyI eye tangant to oa r (Lte.# dhateristics) 5 •i said

to be a W&te. Oe otog taget my X(. Vi8 2) Usats ft=
evry pointan•(~u cB. onthisray sisgiven by

s o_ mAtee awist curves ( -a coast. ore mtvfar* tangent to rap ad my be

mald ,f~jlfl. Tbe play 0 central mroe in our later discussice of dftvnetion

by moo* bedim.,

On-w of .hwracterising a source is by giving uw values ofth p*asem

twii.ios C(M), as wel s the M q atWd. eotftleisnte 'h(X), at swa poin at the

mmee mmdf*fo. UsellY, howvr, the saw Is ctSrtId in mt ther w'

i tiUam the val""a of a a am % Ast be derived by ptoceuw t*lah we vL discuss

S sueftce grAtient La I in batinm 37.
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shortly. Let us now suppose th.1t these values are given and examine the construe-

tion of the resultinG wave.

The phase function s(X) as weln as the rays are determined by the procedures

of the preceding section. The amplitude coefficients may be obtained by meo" of

(3.14) vw'ch we rewrite In the form

r( 0 L '. ,o.noo.7 - ,o inn nra)

Here 0 denotea arclerntt& and a O.

If the source manifold Is a surface Sthen on every outgoing ray ve my

measurv a from G and zm(a) is t.ven by (1) vith 0° re•lced by 0. We are assumwine

that Xm(O) to Civen.

For point end line sourcts, the source maifold Is a caustic of the resulting

ray system and bee the fornlms for the foancticma boecme infinite at the

(Aouv. In these eases the source vshal oft t1) mya be chaaetertied by

appropriate limiting condttion s. These tonditions wlJi be given only for the case mo.'

For apoint source, let 40 te an element of solid angle of the starting

directione ot the rays. then fcr sufftclaty mail sic 4a() - . I) we

introduce this exp essi• in (0) PnI lot de* 0 we obtali

WIe have emitted the subseript "o". In (Z),

a (0) a.lin ()" (3)
00-00 

(0 to0m o h a e o4a vLl l us that for a point rourcs 7(o) is vn. rotthcase of

booemgefbai Mioth, to Ic ortt-= nnq '4ýQ U Odf. Thw. (2) becomes

Tho atMlogous ornulas for m-•,.., are more c•mpeiat,•A..d rn4 wilI not be
rrquirt%.% In the a-N lel.
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For the source diutributed on the curve C (see section A6)
I

it is clear from the folloving figure that for sufficiently small 00

dY.a ) i • @0. si) 0

40

sin I

Here 6O is en element of angle betveen two rays lying on tht coie of rays vbwch

emanate fmo the point 71 of C. If we introduce (•) in (1) ead let a.4 0,

we obtain

(0 sin (

Rare
S(0) Ito (a (7)

Aain we assume that () is given. For tho case of bfaposm media

we can ee trom the ro1noviug. Friur* that

ere lis the distance between the two osmati • points as Ow rmy innsta twa

the point q am C. The point 11 itself is one caustic potnt. e othet poit T

my (as in two fnvve ) ie on th backwar oemion of the ra•.
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If we introduce (8) in (6) trat ezatlon tecomes

Z(a) "½ • (o) (9)
TI

"-l is the sined distance from the curve to the other caustic along the ray Ini

the my direcLion (i.e., the direction of iucreasing a). This distance can be

fouw.d 17 derivint the equation of the caustic: A Varable point Y on the *one

of rays emsnzting raw the point Xo() satiefies the equntio-1

(Y-xo)".x " I'-xol Cos 0. (10)

Here the dot denotes diffterentiation %rith respect to 11, the arclength pmrmster

u.. iffertailation of (10) vith respect to I yieldsSY-Xo•o, .}
(Y.Xo).io - I. -. -IY-xol ,0 .1* i f ,-A(1

-Smartingt (10) I. (1.) w e obtain
.. . -xo)'xo2 .(Y-Xo)-Xo- I - a ,sin CO'G is COG (32)

or

We ameIntroduce the unt t an~t vocer T- X0 and the unit noa Vector
tha in atin (10) pint ()yeoThain, .M(3 n 1) h m~ olvs%

(?-x0)*xoT- I - , in. - s (0,,'Co

smurface.
e e 14 it be the enit between te my Xe the n" It it Y U the

S s t t , ( a caustic 1 M I r
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(v )-,. -o1 eom e, (c-on).T . - ri 0 (iG)

and (10 yields

01 asn2 4.7)
a i sin a + coo 8

In (17) the direction in vhich %rclength ierrees.. along C is imeterial since
both sin ft and i are unchaned ehean n1it replaced by -T.1

We conclude this section with a discussion of radiation frts a ehaMretertstle

surface 8 (see the lest pmzgraph of section A6). In this case the rays axe

tangent o S Ad 8 tis a caustic of the ray system. The follovingtfiure "lv8"

the "side." "top," and "end" viers of an infaitesimla tule of rays leaving the

surface 8:/00

00

(For mmueieawlnt 08l1 the rays aer appromdoately Istmilt.) Bores 02|(

assmum the trigls at whiah m•s eimnte fra the cumv mo 00t e ast nd

02

From the figure ve see tbat for sdtfintently smmll

A&q) (it)sin 7' (1)02

t we introuce (28) to (2) aM let eo• o we obtain

; (o) -us. go (a). a()
%.+0
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da(•) - ,(o_ + a) sin y d•edO2  (21)

and (19) becomes

; --•-- •(a) - a(l 4 ) "•( ) (22)
L

For some purposes (e.j., w~icre S Is a plane) (19) is inconvenient.

T+ ,, • rP.rn..#.ji tvy "sir (1) 4nd ( W-,), We define

da(a, 0 -
0

Then

z(C) = I(M)[-.-4 ' - J" (24)
Ld'a~o n~ajJ

A8. Isotropic point source

As a simple, but important, Illustration of the foregoing theory

we consider the pioblem of an, isotropic point source in a homogeneous medium.

We first characturize the sou'." by prescrJbIng the initial values of the phase

a *A the amplitufte enefitient a. The coAiltion of isotropy implies that the

limit 1(O) of (7.3) in the same in all directions, i.e., on all rays. Men, if we

denote distance from the source point P by r. (".4) yields

s(r) 2(0) (M)
r

From (6.2) we have

esr) I s(P) + ar, (2)

A fro (5 . )

u r (o) •(3)

If the source Is charsc.-Lrised by the Inhomogleeous equation

u + N 2 n x.2 u (n - const,) i (Ii)
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ad the radiation ccnd!.tion, It 'S ve!l known thet tbe unique solut'on is the i

free space Green's function,

iknr
e

Compur!Lw (3) and (5) vc cee that for a e•iree characterized by (4) we should aeL

R(P) -o0. (o)- . (6)

4
The problem (4) is trivial if ni is constant, for the exact solution is

lv.rw by (5) and the asymptotic solutini in unreceteary. However, if n(XV Is a

variable index of refraction we may consider the non-trivial source problem

72 u 4 k2n2 (x)u - b•(X-P). (7)

If we assume that S(P) uw I(N) are determined only by local properties, then

these numbers are given by (6) and the asymptotic solution is given by (5.1), with a
the phase given on each ray emanating from P by (6.2):

9(0). sx(o) J n(X(')]dC(8

and the smplitude coefficient given by (7.-): i

s(1) 1W PH'

The problem we have solved here illustrates a gieneral feature of

c-u asymptotic method. The solution of the problem (7) was determined by our

earlier considerations except for thu values of s(P) and 1(0) on each may

egmnatiun vro. P. These values were determined from the exat solution of the

simpler canonical poblem (4). We shall fre"qatl make use of a canonical

problem, which can be solved exauLy, 'to obtain uurLa&n udstrrmin'd ,nefftetexit

for a mre difficult problem which has the emse local properties.
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9_. isotropic line source

In thic section we examine the problem cf an lootrupic source, uni-

fonrly distributed un ar, infinite straight line in a homogeneous medium. Let r

be the cylindrical co-ordinate measuring distance frum. the line. Since so is

assumei to be constant on the source line, (6.4) IT'lises that i t ,/P. i.e.,

at every point or, the •"r~e line. rays emanate at rigbhi. nngls Lu the line.

From (7.11) wc ccc" that

L._ •sin± -coL o. (2 +

-1

ro. i - 0 and the curvature O of the source line is zero. Since the

uxdlum In homogeneous and the source is easumed isotrople and uniformly dis- i

tributed, the resulting wave must be a function of r alone, henee (-.9) becomes

"z(r) - " 2(0) (2)

and (6.5) yields

c(r) - o ur. (3)

It follows from (5.1) that the wave produced by the given source io

u ft IN lk(conr)

Let us now compare (4) witb tht two-diemnsional free spae Oreun's

function i() (knr) which is the solutinn of (8.5) In two dimeila•s. By

emplqjing the asymptotic expanslen of the Hlankel fumetion we find that for kmr -o-

CH(' kr) 0-.L-- b~~ 5

and we see thax (4) an( agree exactly it we take

Sso - o(6)

I~~~~~~~~~~~ II I I I I I I I % I I II
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We may now consider the problem of an iootropic line source in an

inhomogeneous medium, charactU.rized by the two-dimensional analogue of (8.8). TTI

this case X = xl,x 2 , n(X) = n(xl,x2 ), P = plP 2 and 5 is the tvo-dimensional

delta function. The leading term o:= the asymptotic solution is obtained by sotting

_ _ It I
a0=0 and %(0) = a a

Then fr.nm (6.5) we see that on every ray X X(o;O) emanating (at i-ght angles)
4

from the source line

• I.•(o,,• r - [f o ;Og(°',,0 ' ,
0

MA fm (7.6) w veota

(8)21 1/2

am*se a is UV nAut o fX30 4 M A "i IaM(B )ý Mt. Usin 5

!
(9)is(s)a 0)4x 3 -

Ift ausulg at &W) I ma oot euiA oemr t tihe folaog ftsm

IV I: so I 5  
III

u D o II{i f IL I I9)I I I ) I ,,] Il . CI I II
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A 10. Pfectiam frm S I

Let us pnose that a vave oa the fer (5.1) is itoIimb an bommd

rfuse Dj i.e.,tbe rqp sassmiated with the isve lutmest 1. li. the sohdlem

u be reeazed to ,tlts the Ina eeeAOtea!

U+MM~c u - ol x can I (1) •

am u34If mam ea the letvtlvo at m au" the Cobut umma X to 5, am a

is a Svm flutlaa cane the o at the bwowd7,ya a a anad a a 0

Ci1 nsameW to the lw t :• n @utleU a u MeA a 0 r.o.gsetive"i.
u s ums that a ielS~ate wave, also it the twa (•.i)}i b/dmd Io amit

th~e amWtoik vwe dm13. ew that (1) sea be tsloutel IW tM m- at the IwmJtM

waim aM m avrowlae flastad inve up oba whe emU omkt. 2m i

wit. 8

L o
w SumS C)) ' (o) am) enm

e*as I i* S

Ta uv Sh the twa -i oinai, abm, e hi t qin •Wm a, o bne eo o11*

(.)aanisaJ a N wolob 1 M q(Z)&Um (be)9

so w b
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2b= .VMetsttzg to swo thS e@.tf1@S at mob sin. ot k In (3) ve cbbsa

nr

%b *3w 1 nN

'II

0;~~' >I ILI ma ""II

1

a sua (4 p•te• w Val" ath or~a, 4ar so hmm ( () anb OT w SV ft as

SI t

I~m~m Ibdmvmi•m llmesv a m & (•ito is sl tms tml•eM thm (6) dmteuM amina•w3 hesu U, t I. 3i t•ust t h-- -

vaI2m mabo to &Atm11m the weflastu vms lote £1 w mom the pqwtose

it tM.Wu"m

Lot I a xo,(o %) he thePo 1-w o U ap f atas bowiw mob

3. so vemito at setoma 6 go"A be ma to emotuft 11t (it) to uawws j
tm h2eat low i twm S(t)0 t ft u on mO NUM to wme I

a~uumaa I Nffm~ttom at (4) lith Now"t to "a ow"1

•Si so, us• in• tu mm uma wm to attm "am. s amm ftnk
Lot we hws the rmtoxm a tue %p PlmUN. aitms va lam

*so lingt" a wd•$rmG •a SM tsonU I to l aft I ootMa boMUV

em"hw the am 3m" s). low ad& "tmwM ouoe a

, m r am, • n nn na " l aso I& 2r % W * I

asmba l ad V sb h mom) wmM "mg.a wmo e an qgKUMt

dm imehe "al or to M mou a to ts OW



lo

tip-. the vtlmOetd ray llnetice 'U4 la5i the pame ecalslaia the 1541t

my qu1wttl~% sam the Ramam I to 31,pam tme thave 4q.t r~faettomc

Jwi thae s at 114m.im ( flw.e).

nIMiUatOOM% Ziwmo akrfnelm odtnmd the 3m

Vt3"a .dasl Usa Ufltbal val at a to X~wm %W (4h), am at

am .1 t~suaeht !ssaeaj .9 efta. "m (5) Bad

(6)4 terli tw thwtlul "awas at 1

now Multual ILUM mim. we3 to ame -0 the rifetlate uwaat~ *as vrtr

-w amu"a imb .a MIGM at an me- (a) mommass, W.

We hew am am it goe now 4t sumWd e~adeatms to a

wAIM he. a lemla "t ... as a.~ immmn swmaes wal -. s

r~nWWMW Il bM, S* ~SIM tMe IMANIs inMtim Al NUMB We

IB%0 uatlnsa MO Or b* V01006 &ApIR bile IO POt 00WMIM

toWI New ame w ~ml at tUme A1 "am eklk MAu mlb43" ledWb

mms ame ink" Is ft m at Iwo sawn I" m 41110" sm Ot 69
rd" o ptabla isvm W at a %y -om ý ate

.am aswm. IN amx aw be """Mooat aa m as edwn uIM

Vo flacu* L in (81) vay be M1# a a
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vast stisiy apl riatc nOtinIity e t,1*. In suab cases if a ave is

Incident upon 8 that suzface acts as a secondary so•rce and produces nut only

a reflected wyas but also a transmitted wae on the other side of the intertfae.

In addition itf the boundary or interruce contains eges or vertices, they will

act as secondary line and point sources, respectively, praducing haet we shall

c@41 dirrractei waves. ;U s i am uf.ti4 . - --

diffrated warves nut be included in the sum of waves foroul the a8yawtatic

solution. In ýubsequent z.ctions v shaell hmw how to 3alculate these wave-.

A U, Beflection by a uarabolia a~ine

Befora (e•mestdoing tranadtte4 and diffgwte waves, ve shonl Illustrate

the results of the prece0e" section by conesdering the Isablim of retleattia

of a PIS= wave , IIneidm t slow, the Wes o a prabolic cylinds, fvm Uhe

outside.

We will take the index of reeation to be - en the b"ary e itimn to be

u a 0. the bld•est rays sic 3amallal to the eads, sad by the well-kam

focussing prope:ty of vmbaolae, the ý%flveted vays ean radial lims Alak would

passe thsmoi Abe focus 'f extsoMed beaek . Uerefre te xefleated v•ve

ronts a e, the circular cyinders r 00" t., i.e. the net1Oed loer

is a g •!a.

In amear ~lp for eylindrical u.avets , piftslpal rti~eas ofaw~ute at

Oe nov front r a o~onst. is iafiulit in Lbs Waret oqoala r, It we take the
Wesve-txOt v(Of ofatiom I to be r -O, tho a ap p, pin art
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ad (. ,6) bee-/. .

1

,•(7,o . W ~o '•' 3
r

Pr using (1) and (2) we find by 1indtion tkat

Iu.um1ag (I) Mo (a) Yh.UG tm rwmwui fmaf tara flO).

:L(Q [( :L)2 tj*~t 08 a ~ ~

* at,[r.] j(.1/2(

, o t.. V2, or as at -- last ,0(o) cm the my 0 o 60"t.

VW. a 11W1 e,,,,, -a r + % In-.). ,I (5.)) MA (3) YI."h

Sa to Ow vef M tM oN • w it* t s eS UtiM " a

tb* PkreboA Of ~t~l 24014 PA
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Otk the a the 1inlder A9 to '1 0 %,i-lkr, coo 00 0 mrerme by

InmratI the tota ilelj, la mt pba ntected•, into tbs bowiaq oamatoin

UW- o.a.. 0..•(rov) .. . rf,.,G, (lk-,,"-, 0. (,,
me;

It w eq te to Sam moeMentea of pcw at k In (9) w tlm thet

a(..,- 1 -ro(o) mm 0, (10)

mm 0'o[ ), "- "' (3.2)

h1m (10) ui (8) voe - at m mo my

a w..(rO) * .r-o r-r-0,(,.- 0) r-t-,, (,,)

baw .in (. 1

me%

el.



hmoe frcm (3),

z1

Nov ve my determne the f (0) fro (4) wil (5), u.ing (12) &M (15).

Sca ulau latir the firnt few fix vs tb at they hav the fam

I, f(c) *"(- J ,023 +1, (17)

eM (17) cam be prav by 1iducttou to boad emnemray. In (17) te a3ae caawbats

wicbh matis•y the• rwuriala fornulAs

a w (-j) aJlm~J 3.10. , J.> is (18)

gas- ,, 1 (19)

%0 "-i. (to)
600 a(0

PIP ()A-20) the a 35an be 4.tewedned ~elaoesive1l'.

Colleting cur resuits we have, top the asysp t gqmmsoo at the

g treted awymt•ttUot y ti eeEtlanm am be sav"w intU
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by seqation of variables In paabolc co-odlates. ihen the exact soation is

eqanma& asmoptatically for ]Ae k it yields Vrecisely (21). If the suet solution

is c~arued with the first few team of (21) (tzrouea (p)-2), the =Aru~a2

agremnt is fwamm to he goodi for

kp> ý2. (22)

Mw'h problem we haey discussed here and numeous related problms are treated in

[Wi. On damd of wU41~ty (22) at the leading t--- of the euacslon is typical

of moot oIms vhere ecuarlsn vith suet solutin bave been mde.

A 1.2. Delectgion em tranem-selon at a,% IgIteface

In this section ve shall determi the seeosry waves hIeh an pKdob 4

when a vwa u1 is Im$Aet n m side of a mwflace So aoas w-ioh the tmis

oa r"efatioun n(X) mY he" a Jump dieeoftlmuty. Bh a surface to malled an

We dufes ty zb(X) wd S(X) the3 ait• vL• of e nas a s5

a ached tron sides 1 and 2 respaetole, and we require the slutiom u to

atls.Or the two boary ocaditios

1 2u .asa' .b• -b wiG8. (1)

IDei a aeM b an Stv futimws m 5 ead a 5•94 deeot the =win Gmivatlve

toa.

We asm that cc the side of 8, esa sde If. fm whIc the %wve 'A'

ts Imtdeut, a reflmt wive r tos Woiadmui5 an cm th w aid a tromtted

G0,ut ie prodia*d. To VeMly Odes amewsotal we sUhA M that (1.) Is

saisefied by

II ' III rIII I II t ii
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het ur - u are approprmtely eostru•ted w ves, outgoing fm S.

Tbmve W

, m m mmt
(3)

u Ik t i(k- ~ l :t(k-

whe r Sm* v ws a 0 a ae r t (3) into (2) an (2)

% mma

into CI), am deam the foloing •o•diti•ns.

SIMX et(x) gt(x)j x an 55()

(6)

al ~r &r [ttRa

If X a X0Cr,;) to the pumstria efation of ;he tutwftnes so tbm

al tusn*tion at (I.) yleum

.1 ISI

.4 ebs egt ul atm MAl 16t lov yt N uojitim an the

tunpa pas" to a at the pomn 1. it uullma thet these thes "'au"e Wd the
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WM tbe eleamMI Oq5tLCWA VtAt b

W12 .2 r2 2 t2 2

It f2JNSM W frM US GL).M t@he OtCUgoMdltCu thtt .am vl

directed as cbmn In t~w rfIue an that

or a (10)

a"• sina.(i

3totm (10D) to the tami' 2e at retm.a4 aM (1) Is tM

kminm to (6) ve Boa tht

,, (,3) , n n n n I n U!S 0 t= (3

"m (5) Sol (6) tame th toon
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az -8 a a a

"~ a. _ _ Z.at I. + [b25)na.

&a these *qmtIcanawe ea•uiy solved to y1e4l

=1-2- &t - . ,x

t 2 &t (17)~~1"an m"-(r4T- "i +',., -(4l a ,. a P Zr7 * VIx'

46) sam (1) •ae• tIed •ro a m 0,1,2, buat In mach an ee e sed two

an the rUM side vanishes fm m a o, *

Mw Imt~a a-Um at@ med a ton esub ratlactei " trareotte ray

an give by (01., CAl the i•itIal 4ma.M Of thM oOMIelmta sr and a we

givft ty (36) sni (1.7). lheseli~tt"alm viamble us to eamitua't the

refleted sand tramnmitted mvawa thee verifying am inUita saswion

"in the r,=.0a hiscusaics ve ,ew tacitly as tm (9) am I*

solved to tein the angle of refrotlcam, & fm &U angles of *din.iec

a (v/2# this Is certainly tru providea%%A 3,ua (1. bweywto *V% > 2.

tbm Is a rtia s1 m m A£43U Go w mc i 0~ am 1. ft tWA

magl, at IinSldemisup the em&U at refraction Is 06'm sam the aoouvwsA~g

tzeamdtted Ia7 ta ttegmal to the l a.f,40 pwru'rms for a > a ii 0

an real sohatis A ad cm earlie Uaseuuiam iawk be notified.

them a Saw Ieu bihe diesainee MOtIW, 1w a

"at is the fouLaoin smesties.

rm O 0 the fsctowa = ua WA =W be ealied ra~ai mW~ trnmmi
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A 13. Lqjt1,ai and trsawmuiepo of a aylnk'ical sav at a W~ane Intefloe

I~t n(z,ysi) - nfor y > 0 and n(xvyss) a tý A y4# whers, is,~ &M

*2are give constants. ch the laterftoo, y w 0 ve Insriawbe the boundmq

conditions (12.1) with. aim %n constant. TIhe incident wave is assmed to be

uxanea Dy a. l= sour..- c. p I.a-,Lj~ c

fto31mng 11 and laoteects that plane at the point (osh).

lot v denote. d~stance ftis the swce.s ham# it ve simus that the

same Woftee.W theinidene field u1 ' 1 k~) (See section A,,) the

imi4mt UWr is gives by*

CIi)

aftesM of the ipatay with I Aes to the YNsv~ei wed C~alculate .31 f~tums

Ptam the IM at "coati" it is milly se. twe the 06" or ot

the z'efiaowe 'S is Or % a vrwew t . t'.fr's) .. the 4letme fiuM

t"e Pudt (O,-Ai qensaMla the "imp* at ahe sun. %wwan 5 th e zfst

(1) and (2) are Obtmined from the aisyptotic expa0snor. of the Hmnkel unctic..0.

for a *
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WY.e Is given by

Url,., iklr r (10)" Y > o. (3)

U4•,, 4hk m•elb..PI q~.A 2.•.-4h,a . _ - . .4m,,l..,d , 4 *.F*e ..• a, k..

obtained frm (11.3) - (11.6) by replacing r by r' and k by 2w1 . Ve alsO

set r. h ec ca because, for points an the Interfaces r - h se at. Thus

z,(r', f

r('1a) 1)2 f a lr + f 1-o-0 i (a > ,

f ri

t ().bew ta'•m1÷,I ,a>] (6)1

rb sa, ). (h see a)tW$a>I112(7)

foo(a) ,r(( s a,a) (ih m a)42. 17)

The p•ese of the Inoident wave at the point (h tUS Goo) 16 e a uph oef C.

1001me the pbwas of the tmmuitted wave at a distanme U f4m thet point

(4U,• tt, tm, tted ,y) is t - n. a, , .+,a s the ÷.,mitte6

WY.e Is given by

ut ,,Ilk(,L.b ,, a * nf1 t •1•1•. (

h parmotri equation for the trau.tted nWy I

x. (X,,Y) . tea,o) + *(.n0 am is) (9)
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eM zvm the lav of refractlong (12.11),

1i u- IA, .a .. • . h.o

"1 02 (2

Since the media are boemgsenou,, ve my use (4..6) to detemine the

functions a:0 because the entire " =oble is indpen•nt of z& ve my take ove

radius of curnvature,, s' ,2, to be ilnflltee. T -idn- p, ms MA t"

caustic of the traumtted rays, i.e. the weelop of the family of stralit

Lines (9). U41, 0 a aa iusnater, ve denote the caustic cuv by X - X(N;.

wl. be the d.etnme fron the polit (h tan Oe) to the cwAstic, aelo the

bsmw extewlnu of the trenmltted ray. to by settig a u = in (9) ve

obtain

x(p) = (b.tatn a, o). p:,(si ,P.o - oes P), (U)

and dffarenlation vith reepect to v yielis

(22)

5u~ee~c. .o) pl(Ooe sla .~(aft P. - a" 0).

Kwe the Mtoj Is tabeeM to the 004uSt, It io imiala to the my#

"he M. pe IOU~ar to tb* V W (0s PS ete 0). It fo e thSt

a (13)
Ouse Ceoso, sup ) wheo" Cue" .. 0)

lkt ftm (20)4

P, sok "Iaee Ca@ e ui&4 heee 3 av -~a ). (00)



SA13

MIdg vmbe of P3. is to) be used in the rolichmus equations, *taIDed trm (4.06)

_ *1(1,.L6) ,'I(a) +i L-) V2 ( tI(0 ) #

As usual, vs take It 1 S.0

.1 3"tl,13I.

Uw ofuml os ý and ue n use give. by (1.6) a de ( n7) aw the I(It,•

t .. (o) MA sr (, as *"a) ae sjeei C #" 7 ,w', t 'ee .Va ..l s," g

by (12.16) aMd (12.17). 2bw

#*m am (h e aa). 1(b , [a a •, +

I ~ ~ ~ ~ ~ m "a a• o •"11

bre

• ()l, I, (.l eA (ll,) ON el

ga s an. (o)

t r (tAnr) lll ,' ~~Sa ft. "t,4"ý-, .-j



(0) (2) s•ive So i ,q a fliitly as fumtoms afx maM y. 2o obtain

st(:,vy) frm (22) it vouMd be rmessm" to obtain .(x,,y) and c(z,,y) from (9) &M

(10). &t

Il (odW to ftlIltaSt tbG C•iatluA cOaf ut 70 eb v%21 be

=@d sbaty, it is @oYamSnto sU@Uft (22). Ve ftxus a**, furo (9)

. . t•fl .-..

r.Xbtan a) - (23) 9

b (23) an (23) wo m tain (2)

0-1a4 *.- mh* -.0.1 [I* sm 1.72 t=2 a] .. z (.a 3

vW am I nse) t (a2) In (31). fis yields

r0 0V

urn (9) wesaw t•t

am .. ith supnIt to y U-I.A

, / f 0 (W10 (26) ( M (ur) iiw)
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(28)

S,1 - -

~#

0 t

WO My DOW U (28) awA (25) to find MW1 ~.TeCaN&4Ut1C to gstly

IWl2tIed by noting tat eoa 8 w 0 vwhn y a 0, bm*o

01 i r F s~ 12 slua ~iW-1,.0: =.•. --C1 e T L Jrxju(]-jj-"2 a/I Y°
~~~ym2O -/ tIS7-i t~ aroi-i-2 )ta2

M diriaitivew 0 and ma b ots inan hjrtwy frr (•o) wt (a2).

TOM 4(b m UC) WM st(O) c be *taimw trm (17) oM (18) eM used La

tt

&M (16 to M s M eal log the~w rospeatIveways. We will no

cam7 VA tbiS Os~mAuotla bum* sw '1aia 4 bee bum "mom to P]

It ma < I tots' t.Ileast am~w fm tops Lamut &t angles US

greter then the eulItI~md angle %0 -i MW.Th tnammttat MoP eM epMiNAg tO

tagus, at Imidem a in the Istervol 0 .. ( a rn the aLsuf 1mm' kt

salww am the aviluooll troavaitteM my, for WUGIeb a 4/t 3.Isp ise the

j~tmfgs a0. Fa nop Imidal O a ngl*es CI ), 9 tba OWrOG=In

~Forsw reps an asIM 'tatawk reflected raOy' am the eares.1qf amel

at totteeumi0Op to aap5s @fIeu. Sm. real tmsottM noj mrltafe Im the

ar"Oit ot tetel uotltIuin a > b tea 060 or the im'h% it Ow usum is

wemad in tow spo l*w1 tAs room It is prm Ine the am wem e" the

tramdea amp enom mops afti~mat ia us Orada or weop1ar reflactee,

0 < <b wo. We wLUM m tea mves 9 ,balm thr e1.inft of U

mr2aSOti. *Ams rawi ise mUmd the MM33a banin Its uwqiaMa

domes soplily with 4etamm tm tm isum'm. Up mm so to~h With the

mmmm
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the incident ve u Iad tbo reflected vave ", satiaftes tae bindar7 cud±ticm

in the reg.om of total relection,, but the additional presence of the transmitted

w1vnv ut balw tbh s portion of tb Interface reqiut that a fifth wve, the

difrracted wav ud be producea above tba regical of tota.L reflection. Thenu

togethwe with ut .atisfIes the boundary ocndItios. Tpoia z•ap asaoclated

AV- - -4 aiu mc ar .'aA~~)J LIZ- ftcay-~

The total fiel V121 I q1vw by
U U +I+U1 y >o0 (30)

ubtut + U , y <o0 (3)

but li &MV an won in the regics at treaa ref*etics,.

%a have already aem bw to tAia ut sme the MO&WIV wauevac

Purt at U'.~. Ti theP ame my an d the totally raflseted " .r r ..

(17) and (38) (with t repimale by 9n)p bui the avgU at reftuetlea 0 ic- oaqpi

tbwzetm the datendustim of u be' the Intuftee tis tfuaM ftm the

, of ut. S.MO e U Inot 1en9,• mt. the ,M).utIn . r.

that f~timt ass be ftml e as ue rme. V"92 in~s wmit I ream at

total efwm1mticu. Fm. a0 ul is m~rvqaw to dateeden ft~ma.we wiLU

W. ~Oft. U, hem, we uly ran* twat it dasau. *0owntlaU with

Gletwefm t ,he Ink"Ie,
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The Wv. u1 %Lis cooletely deteriurA. by utaM the b~mdaq cocud ftlm.

To oauulate e ye vot

ii,% 01ko z k)ap teks tk)lp (2

en vrlte the baamWary conditions (12.1) in t0i', for

u f - b , t, it >hto. (33)

Py Inaezwti (32) ia (33),, to the uMaI m,) v* Otaln

(34)
,4 (xzo) ,at(XO) h *" ac + D2 (- ta l%), z > h •,tana

2•(S o). ,&(xoo) a z > h 1 a 00 (1)

,.o,, x>) h t• n s (o

la (36) ve have umedathem• ,t that a %t*() a 0 vbim YA.O > b tan G4.

Me fiani1 Lin8Istd$ tm the Giestice of the crItt@SLUI tnuattod my,

To an milto Ud v@ UAt ftit $aV* the WI&Ita Wlahe PW* tOr

.a(xRoy) In > 0 •la t, I-itil wala (34) a the waft& V. ?mwsUlq

"• in s-tim 6# we esay td tMat a ll of the U1fmfttd mp mmi. pb l

to the eritlas,24 retlflte my aM w* Von st wM* ie an t the aisle a 0to the

•l, Weal"., tim tu. t 0

a4 .a 0(b4) Meao + Q (h') tan aaj y0 z >C4l)tmUa



All

ftme the, Mov ftS of U8 ane Places.. a in culisad a uuwrsl &Lam--i The

adjectiev OS1l" is quird because the amLitude In not congtafte To

detrsdrn the avl•tuae coefficients we note first twa (25) that zo(Z.O. . 0

because the factor oto s A r AMhe A ain g/2. It tu foll fro (35) and (4.6) thet

s(xIO) . 0, Me

III ao~zsy). o . (;18)
d0

Frm(I.6) us -e ta•t s1 iLs cenatast cm in di•tfrsot wq, lbecuse the waltlS

o touruetwe P1. ad 02 are both Infinite for I i ]plaam Mw. meo trol l (35)

(39)
d *sv .O(xv taA a ,0) - aS' 1 X2Y ta 0), yOsYýO z Xbe~) tamC.

UMSt WO kAws not a to d a t we Casmak use (39) to dft d Swvli we set

ago in (36) MA ,4 ..'.(o,1) • a1 G. o we *ta,

d( ),o) (40)

sad (39) an (40) Y1,

&t (x o #:Il iý. ,. , - o 2

Ptewl ve Immt (1) Ia W'. so remb iliBd -b-- (- (°' - -)

no tonons e~a (tk)* 1M to the Imm"ii Ia orm of Tt to owdr n 1/If

with v some to the Imidt Mt4 md at~o the -s~ wOAW " the .. rn ~

S-.it
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we bave not determined* beomes zfinatto an the diffracted yy whieh coirnides

with the owlticfl reflected rayr

"7hmFIN, the weseet arv.witoti eammasio MIS±a cm tbut MY,

we notw that the diffacted avu is ca.ete2,r detez-amned b7 its iniftal

valiwee, all of which wze given bY (35). 5e=e &U the 2u-0-Ities In (36) 0".

airuAy datemined ew therefore tbat equation mist be an idant"•4.$
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A 114 M~tfaction bX Edges and Vertices

A suraci.e or curve is reia at a point ifr it caa.~be reprsgented

by functions which have derivatives of all ordes in a MilhtabO ood of

the point. An e~ is a curve, on a boun4ary or Interface, vwich forms

a locus of points whmre the surface is not retulrA. A vartex Is an

IsO.Iated point, on a bounary or Interface, vhwhe the uwface to not

reglar, or an isolated point on an edg where the .4p Is not reoiher.

Itsles ot ediec andt vertices aret the edges an vertices of a

polyhedral Interface ot bAiu•ry, the vertex of a eadcal interface or

bamMM, the edges of an Vwte. in a thin seriem. (In the laset eas

the screm Is a bsiary emnrlce but both s14. of the scresm being

ecomsted by the apetue, fom the doman of the pvb. It the

qotur esig is not replar It coneeais vwteax ponts.)

We bave alr*U mentitond •! and dAM go.

We vll use these tam to inlude all lvee SaO mys n pu4eited by

the elaieltm theory a ftpa mt l optics. Whom a vep a, is

amid" wMa an esip or vertu, K we a e that N sets a a s•eoMM

owese manifold pcdnolAg a dlftmaeted wvav

IV sm1c with mr res4lts tfur esewom awee pvkd by reflactiam

am tvammisa , we es m t

,d(X) . 01(j) , X an p (2)



i 1

Vhere a is the phase of u The point or curve, H,4i a caustic of

the diffracted wve; hence,as ve have seenpthe functions % are Infinite

there. Hoiwever, the limit •i intr-, i-ced in section A7,is finite. We

aesume that d is proportional to the amplitude r. of the incident

a Cd) ,,(X); X CM K (3)

The pzopas iomulty M~.;r (d) wll be celled 4L diftractiga coefficent.

It Is anslog~ae to the reflection amffcin m n oa CI.

apears in (10.0)2or the tzrwatasm ooe&eMao t Vbj MWah a£emfl

In (12.17) tar a a 0. In gnsierl, 41ffwecticm amefflclmt. va1wk

refleaLlan wa trwmdseiou coefficients# ean~ be Obt~teo directly

firm the preribed baury conditions. Instead they a obtalied eithe

from the solutimr at awaninlal problems ar by bomaq lae I&M thar3) Yb. h

latt•r wtbae also yield the alaeato the s% hr a 3 0" •O. s rl eN

It, MNm•tm MM to dametIm (4) e-e q t .MdS, on thise "a • te t

beem attno. d. Ln ,IAw', the diffraction 9eMi t w - ,,,M* as th

loeai gemtri ope l~tee of K, the )oael wlaa at the 1Mm of

rafietion, the direetioas of both imneid wd (itfla414 teyme# theO

Vaw r k) end It Veniakes in the 1-2I~t k -000

he pase a4(x) aM the rapy at the almse"o ga an 461"" by

woavl the ImitIal valma wl*I tw the ieleml stle wt lt-GAuL
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arnd na andn ane the values of the index of refraction in the reglons
the

con-tain /dnIffracted and II ncident ray, at the point of diffraction.

For vertices, which are secoydary plant ;ources, (2) ban no special

consequences. Diffracted rays emnate from the vortex In aU outward

(WO the diffracted rays axa Lim v.lusa. of 1 on 14 are autermined,

dm

the s(I4) and heome the diffracted we" rd OUl IindUAte~y froi the

foawR3a. of section A7.

m
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A. .fra action bX 240;exmo-

To Illustrate tne roregoina zheory we ubuil u isr1 p6 i ow•

with edges on the boundary of a medium with index of refraction n a 1.

We begin with the !%se In which the edge to a straight liii. and the Incident

rays all lie in planes normal to the edge. Then the diffracted rays wre

also normal to the edee andi emanate frem It In all directions. Thm It

suffices to consider all the reps in one plane normal to Lbm edge. If r

denotes distance frois the edge, then the phase ad of the difated wave 1-1

equal to ai +r, where a Iis the phas of the Incident wave at the edge.

The odge lies on an Incident. wave -front, hence $I Is constant an the e0ge.

&woe the diffracted wave Is cylindrical, 3 d(r) is given by

z4(r) - ti(O)r4/S (0)st r.2/2. i

"I!

tereQ) dnotes a dittraotlon eoeffcleot an a Ist evaluated at the edge.

fta the leodis n term of the diffracted wave Is given by

13 e•)n uv I ea s O 1 denotes thsseametdieul atls tu, I.he .nthe l aiMAnM

tra, oe the incident oave, evaluated at the edge.

Wl t USnora o .•o r result (2) with Iinatell s erns.t aelutA

for 0itfract w of a PUMe twve by a theUl ne1. That rmat onsists of the

Incident MA rtfl e v aows of g t, e ntrism! tca ePlus a thivd, or th i etete

Umo. te "La tird taua Is ayntotricall sd) ftrs leaw vQ1114 of W

it we"a •efe r"/v Vth (a) & " olded ath

""t of the e•n$ in this saetion to OPted flM[.
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(d) 1/2 -sc eec i( 2 (3)
2(,k)l sin~ 0 (-~)

Here p is the angle of incidence (or angle of diffraction) which is 4/2 4 n

the case we are considtiin. Thc angles between the incident and diffracted

rays and the normal to Lhe kalf--plane are a and 0 respectively. They are

l.Lustrazea In zne iolloving figure. • wige .i.a a ..--. L•- -

-A

The upper sign in (3) alies when the boundary condition on the half-plane

io u a 0, while the lover sign plies if It. I av M 0.

The apvment between (2) and the ezact solution of the canonical

problem, (i.e. ,the Bommrreldproblem) Is a confirmation of our theory end

also determines the edge diffractin coeffciei't (4). Muller ae'ment occurs

for oblique Incidence on a balf-plane Ohn (2) is replaced by the asriast

erVesaion eid the dencminator sin i is Included in (1). In this eam 0 ard

a we defined as shove arter fli*t pro~ecting the re.z Into€ the plane normal

to the oe4. In case the ba,-,plane is replace bUy s vedp or sea•l

7 u (e..0jv (4)

campsriscm of (2), end Its mdified formn for 0 1 0/2. with Uinerftel's

exact solution for a vodpayields agrement vhen

'I sin . -1 -1.

?@r q 2, the WidW beecwe a ba-le'1ne and (5) reucd@ to ()
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We shall nov apply 1,2) and (3) to &dtermine the field diffracted

throa4h an Infinitely loni, alit of width 2a In a thin screen. Por simplicity

we shall asurns that the Incident field is a plane wave propeatatin In a

direction normal to the edCes of the slit. Then ve can confine our attention

to a plane normal to the edges. In this plane let the screen lie on the y

axls of a rectangalar co-ordinate system with the edges of the slit at x - 0

and y -t a. Let the incident field be the plane wave

U1 ., ek(x coso o - y sin a). (6)

Tvo sinely-diffracted ras, oe from each edge, pass throwh any point P.

1hus the leading term of the singly.dir•roctod field at P, ud(P) In the
Ik~r,- sin cLe

, u o p two teamCo

2(2 - 1) (e 2

Isk(re, sin e)+fC

2(sr2 2/ Ca s2c0 ~(2 *j ()

In (7), ri &M r2 denote the distances tis F to the qnsr sad lmer edges,

ea the moos •A 2 we teri by the rap, as ahu in the n.,

IIL
t>h t

90 POSIAlt (7) eato l.. by eMAIN to It tW lsandig team at

t0e 4.b0p.Glftmotet IteM 4i hc esssa h tW

Of-PRv., Mi to tie WO dAh374Utfnt4i Pan PA"1U t~e. P. bob
Ot tbeeg MPy begif. at ao, ed4p at the slit, is duitlmet4 ftm the ethe



All

edge, ma then pasese throughi P. To tIMd the corb.An mavee It

in umu1esaary to treat the two singl6y.diffraclid waves semmtlng frm

the two edges as new Incident vavem on the opposite edges of thej slilt, kind

-- 'l..44 Yh. 4. 41.b.4..jC I S i*

forward when the boundarwy condItIon is u a 0:

iron (7) voa" that at ed~p (J) the leading~ term of the singly -

dIffmc+*d4 wave missting frms edge ()Is given by

Ika(2! &lrt)4I 9/I&

Suev we loe. umAs the vaper UPw In each term o~f (7) cenvvupwAmle to the

bounmez7 condItIon, u a 0, aM haew ebosen the *pWlatt waleb ofr

uan 0 1. (8) 14es ily siupWIfted to yield

s 2.( 4 m)V2i JtwI 9

hm (2). the lImng ton at te imobly-4ftttuat.feld eU t P is Ijvi

by

(a)2 Is" Y*3+.~ ~4(o se YOA

j~II2C_ - ~Of'||



insertlng (1) rAi (9) In (10) we obtain

i~ 2 .ljsjji a)(O-~ seer j41)

1 2

Clear4 Ad(p) vj be of order k1.R ~)1 h edn e

j kj

ot the f4 E corrempou to the 3-ta1j dGitt edte4 fsa. It too

*auletea t ma mOttwo waves. ims u3 Is aot mI k7 at

the ms ewder as the ,-,,oi tam In emma ot the siagly4itfr. ote4 wves.

Ve bae iat e4AdtUes team because ao fTar w are mb3a to caWA9e t?

amplitulc eco IcIer.'c. It we 6eemt *y Tu the lemtyica.1 0%l~es
MtIAd (i.e.,the inclimet aM reatedo4 flake) we my write the aeuitlan

of the "rohies .t 4a dt -tlon by an tafialte al.t. with bnayr eamitios

u 00 o the ftra

~~a * a Iat4tr

Altae , the 1 MUM terms of the ratwlq Om1l.3A.teete lves

an so I&Op tbm tem Odttos in (13) It to SLeftWAM.I to 8M tWt

they oare eSWA ewate4. In btu the rmltiutl swigo La fumtwia

smrI,.ohmc ia miii mA (be Laea).

We key nfl tqqRV mA t AmeblyM ff'mate wav. for the silt prohim

with thm bOuAU coedtion i 0, cme"Ou" to tWO Ms s1p ito ).

t (•)0
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In this case (d) vanisbos vher a . x/2, This Is to be 4Lxpected, for •f

a plane wave travels tovaftl a Isf-plone in a direction parallel to

the plane, the Incident pslane vaye itself satirfies the boundau condition

codition C and no diffracted rve is produced. If an arbitrary

wve U' is Incident in the sm directio•,ve &same that the diffracted

wvee is lit-nm iam1 to ' . the norml dertvative of th Incident wave

at the saw. The Proportionality Mtot is a ne diffraction COefRMCIe

Vtgch can be ob sluad by solving an approriate emonmcal vtob1le. ThbI

new coasticieLt and its application Pre given In .

?Wes ftr vwe have considered only probum vith starigt edpe. Fa

a eurved d1thentIng el, let r demote distance s 1l a diffracted my

hm tho edge. ?ban the esndint term of the dIttrected uws to gives by

*ilts s (A )
20

ad , (1,}

Sid ti rm (1.9).

%.(r) .sd(o) (r(3.1 )]4. ('o:.3s• )3 . (36)

Ia OW aen (16). at eNA dmeo1e the pwee e*d miotuse at tho m01m

wave at the "M or itrrmt~atm.a, I. gies by (I.i}). I" ttw •iren•mt

eog t to e O d of a tbta siroe and the bmbr7 emiltion am tb seim

is WA or -O. tbm (4) is givems (1). If, toia sm*4tbo haatdoL

Owpoint et aitftetiff,. the bmmwy is 1ft3IV woolov-psW, 1m (a)

is wven by ().



-6o- AI1

To illustrate diffraction by curved edges, we concider the problem

of a plans wave, u . e ikx, normslly incident upon a plane screen,

x u 0, containing a circu1ar aperture of radius a. The geomtry can

be viasulized with the aid of '.he second figure of this section. Then

C9 - 0, and two singl.) diffracted rays pass through every point P.

They cow from the nearest and farthest pointu on the edge. The angle

of incidence 0 is everywhere i/2 and the radius of curvature 0 of the

edge Is a. Fmo both diffracted rays the angle & bets-en the ray and

the noreal to the edge (vhich liass in the plane oa the apdatWe )

satisfies & a 0- 412. itence (7.17) beceme a, - -9/e1A 9. Then (3),

(7.9) and (Wi.3) yield the "singly dirfracted field',

d p) 1 1 .. ,"l o.11

Here we have added the contribution correeponordi to the two suivey-

diffracted rays vassing: through P. 04 the x..axiB, r j ino a u

the last factor in (17) is i•finite. This occurs because the awds is

a eaustic of the diffracted vaes. $Ince the exsat solutiom of the

"Usole Is eveeyvhere finite, a bestter aeyvtotia saimawlun lo r4quired

in the nei•borhood of the aida. && a epalcvm ane discuseed In IM,.

If the aprtume # instead ct being eimlar. s ft d by a nooth conwew

cure, (17) I, eseentUIaly uwag*e. Apin two sitly-.diffratced myo

juss throuh emob point P, mmting from the narest and be-best points



an the edge of the aperture. The s•ngly-.dffracted field vIU be

given by (17) if ve interpret the angles and distaes in the obvious

wy. In each tere, a zust be replaced by an, the radius of curvature

of the edge at the point of diffraction.

If a place -" is nomlly incident upon a plane scree containing

an aprtie., the edge of vhtch Is " arbitrary regular curve, the

diffracted ruys .. ating frm ebh oint of the ede lie in a plane

perpedicular to the edge. The envelope of these planes is a cylinder

with generators norml to the plane of the screm. This cylinder is,

of cosee, a caustie surface of the singly.ditflacted wave. (The Other

caustic Is the edge Itaelf.). The cross-section of the cy.luder formed

by Its intersectio vith the p2ae or the scree is a curve. Thioc•rc e

14 the envelope of the nmia to th e de, i.e.,tbe ew of the edge.

Thu an every plane parallel to the screwm the caustic Intersuts Uh

plame In the ewd~uto curve, and conewould eqeat to find correspahdif

bright lines In too diffraction pl.terms towied n mobh plan., Tbeme

b-Ight lines have been obseree and co•ttIfte an Interestig eqperinna

aecnfmtion of our theory. When the evd ute les vwithIn the apertire

cur"• to lines are maskd by the prestcoe of the I••dat wave pasaing

toubthe apertwe In suich cases tmyn are is-m easily observe ubmr

,ý aperture t-. bV -'~e $~ o II.-tw Itv~1  .r)~w

circular aperture is replae r- y a eiroulmA disk.

II
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A16. !ýMsnxlnno eontalning ex:one tal decay factors and fractiomUl Powers of h.

The asymtotic solutions of problems for the reduced wve equation

ul.tch we have considered so far have been based an an expansion of the

form (5.1). HNoevermore seneral types of expansions have been discoverxd

~D *~L4 eL~aug e;azsounn 4:r. z. -I

,9 , + k2u. o, ()

for a homogsousm medium. In [L7, Friedlander and Kellar lave mde a

systemtic study of asypqtotic solutions of (1) of the f•os

s z(X)

S€(Ik,(X)-IeP(X)) j- . (2)

$wte Q MA m an rseal nlers mM a~*? lo Altbmai tonal solutions
of the tpe (2) exist for all values of • way the v.aies aa 0 Ma a

hae osuved In astusi wPoblms. Since the oese a w 0 Mdueen to the

exansio (5.1),ve m restrict me af.tentioa here to the eoae a -

Thu we consder esayootle *olutions of the reduced Awye equation (1.5)

cit the foam (1.6) Amer

a. , .kw (x),. (3)

sine we V. sw tOat a atifeW, (1-9) ve MY insert (3) in (1.9) to

+ k2/33 *)%0V3(2. ) . o. (4)
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From the form of (4) It Is clear that we mmy expert that v will

have an ezansion in recipro'ral pavers of k/. Thus ve set

.... ~~ * (T %ip ~ x 3  i

vhre &. 0 ru~r a a -l1,2,... . If vs In.,crt (3) in (14) and collect Ul.1-

pmers of k1/3 we obtain the equations

). .n 2 , (6)

•,,,.v,,,•,.,,.(8)

(9)
r.- ,* t2 V.Pa•4•w 41 •s.

e ote that (6) Is tmt mlliar oiomil equatimi, It foUnn M•*t

t'u i•in ftrwes of our earlie em nsioa• i.e., the rmys a le .wstfauss

anu wesewv in the my eqanaim. (7) merely sseats tkat the surttee.

p a @out ure crtbanam to the wvetmls n .a acoo., I,*,,

p a omit. am mo b , (1)

Itr a a Of r-O a&,A (8) ts iduftical to the teuo-or6w tmftin eiAtima.

ibr ertraq a (8) ma be writt4m in te ftm
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dz
2r M+ z~ - r~..(

Here a denotcz arclength along a ray. -' comarison with (3.14) ve

easily obtain the solution ef tlh ordinmry differential equation (11),

,a(°o-,1(to) (.w)(P J L' T- 'I r3 (6'°a

Smr n uvn, wtdob take the doe,

For agmo benesl dm, n a. It ad(2 be come e n (w r 4eaasdoA

o( •fhwa) b(a ) 2 boies.

In llerhtemn *• •r u.,dy of dtffreetioa by tnoot boiee wm
O er new tintal e p ta tbe sieam tktiam on a

al I IwI~iliIll als be ias aI iw" It will be!!I. reuie stl In !~k d scuss a
o :Ittao by smot bodIies.I

. . . . . - - - . . ..... ., • - = -- , . , A 17-. P S - j g •l g a .. -t.n ,sa . . i x u _, , ,ii i ] | i *
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surfiace. We are concerned vith a function s derined only on a waruce 3,

and vith Initial values prescrilbe i, wa cuive vhich 31c. on that surface.

Let X . X(, 1 , r 2 be a parametric equation for the cegular surface, S.

Foblming the customary notation of the differential gemetry of msu eacesp

vs Introduce tbe surface tanger t vectore

X,~~~ - ;7
x 1  . ,X X (}I '

and the uctric coefficients

,13 . X1 "X; I J 1 1,2. (2)

Vs also intro,• et• the invee (go) of the -trtix Then, of

In (3) and subsequbnt equations we emlo the suaIont ccvent ion for

reeae lnitieo over the vanes 1,2. %jis the Mmmeeka *P6 .

hr MW runtiom r(,r,,r 2 ) of the serface ptxstte, Let r,

tesaftee graftet oft I. isdeined by

TV mee that ep) ees with the usal d"tmitl@Bow at e 4md1S* we

set ax a VT .and oesrvýthat



9-**d g 13ýXv, r~ GOT Irbvdf f4h. USA

C, the h.Sj9 eic O C

vritten 1h the equivsleft forms,

(!! !!!! ,(. 1 2 12) u1 (,,,)~ 3 2, 1 , ,,t,), a

2 2

In ouder to solve the first order prital Gittereatial equation

we) vs 1toaduac the ohe ster1.tio ourves, [T'3(#o v,(*)1 vhIch an

4.tstW.ne by the seluiontus (IthQe charateristic equations (bjitcns

.vatims)

(7)

I * III

II

ftio the Got ddI44 4 ~f t tIltI& with ncpeat to the psmotort 6.

YI (2; a 34 a V e

* O.

1 1k'I'e eel 61J L 6e / v.e hJS •ffemd"S Vml

(6,v •, ,t• •,,racr,,[•() •(} •€*,r
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Hee ve may identify the Vuaeintur 0 wxrzh vmzveunLh aivuus LIA S~rfr&CC

%we& X " X(O) *Xtr 1(a), -r2 (v )] by cutting

1 (10)

Thea. aiwvs vili be reUad marfac. rays. V note that the equatian

Imples that tbA 5arftes amy an vervtarr v arthoemim1 to the ft-rt

Anf 3WG(I , 2 caunt. Ph ('1), (6) mM (10)

ii ; 1U (12)

hame

*W](.) SEX(Y]) * RXE)Jau'. (23)
0

(1j) peovi4s We .1alutos at Um vurfice .sivomi 9-b~t~ew" Owe m

imitlel almas ee swairled

We &*so* that the laidt"a wiaa ane give On a own On the

ea*6wb v.- CYO T1 v2(i1rf 'u a "~ isam erei0s pa"Mu .

Ums tka vti@4dal ta ukeI the tamn

am, a0(!U it. a £IYVO rtmtna. DLuirmL1amu ort (14r) 4icuz



Co 13 din (6

i.. - A 4.. a *'"ftoa ,w siA *lO 4iltt eu iI

we amus LL 1 < do < 1 thi.a (16) imp1lies tbit rt evr; point

on the Initial curve, oner~ftace ray is outg4I'R frium thst cur" con

eaub side of It. 'Fese wurfac* "#ys together with (13) provIds tb@

0Utpin( **lutlen Of the Iflitift1 Vea3 prObli ftu the surface SICOMl

equation.

Ve recal thst the rzyssaaoclated. with the eloceal Mo~tion

(1.4iI) beeami .tratiet lUno& In the case n - comst. ftee straIbt Uwe.

"Swe of coUree, mftCOl aw &honest "tbs betwee two yams in spe".

Ve vfU mmpro" that ftn the ease a a sanst. the mw@rtao so 4*tind

by .17) aft (8) an emsoesics of the surfVace !. The Pmot will ooeuy

Uw. cmmnw1s of thil section..

It a - GOet. (7) end (8) ta" the ram

We eQmh replace tkArc eyst of faur first.'ff4w atm OIL 17 Gifeettel

egatie by a myste of two esfinA-oi~r .~atL10ans V. first me tkat

-# Ij- 1141 J 4  *. /~ V * *4(vV) ea (1
San aJa 0' al V
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and

rrj 1 2 g kGO 8 a (19)

Next ve introduce the Christoffel symbol (Jr}) defined by

rJ, * . 1 , . + (a.) - (g..) ), (20)

and (19) and (220) yl eld

(3)')

(' r I) I;'-Or,1 aI kgjvimy, im )I + (g.) j -(8)1)n 81sv (21

ThJ, * qutm•o e, " be 94mli~fted by usnto an Identityf dobtnd by d~ffavnlating

( 6 k1) - ki (g~.(22)

Ito result Is

. T, (61 ,,)s (agJv)+ ,*eý -•,) (dv).). 1 s1

2a j% (sk 8  V) * 6 %( k eSeLV (23)

hG (18) AW (a2) e easily oti tu seeoliordier &Pt of diffe rtil

eqisttoen

'r 4 (art) 4,+, -0. 124i

sam th2 "M UwMMM&W SWUMb ea 02lbn @ird~te-

@at * -gt# K ;.-J.$ M am _ oh'U it_ .•,,tw

utee (•Y}, se V-50 eMOtG T.160
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A 18. Diffraction by smooth objects

In this section we hwll derive a gencia formula for the diffracted vave

which is produced when a wave u is incident on a smooth surface 8 in sucY) a

way that some of the incident rays are tangent to 8 along a curve C. In this case

there is a shadow repion vbtch is not penetrated by any of the ordinary rays of

geooetrIcal optics. The shadcv region is separated from the ragion reached by

incident and reflected rhys by a surface aeled the shadow bounday. The tangent

rays, beyond their points of tangeney, lie on the shadov boundary. For sIew..city,

we shall asomm that S is a boundary rath.cr than an interface. Thus ve shall

avoid the pdditional conplieationas of traesuitted wve. As in all o our em.

siderations, the following construction vill involve certal* apparently ertbtray

prescrLptios. These prescriptions were discovered by uamintng the asymptotic

expansion of exact solutlons of boundary value problm for the reduced wavu

equation. They will be further .erifted by the boundery layer thory. )/vm r,

general proofs at the validity of the formla have not yet been givet.

In order to derive the foi•la for the diff rcted wave u a we tet ca.

struct a sufcea, wve (or cepin. wavv) 4 v tVhc is defned only on the Surfse

a. hs oure C acts as the (*eoodwsy) aftrac at the Burrs" av, teb is et .

I Ccited by the Incident Wve Mi ui Is dec*tned only & the "*dar" side ef C, I.*.,

on the portion of 5 "dCent to the asha' region. Otn s pkortio. tf 9,, tVe

Seu a f the surface v w so eetorsoe the surfac eiONAl eqMtiom (17.6) Vith

taitial comiitiam given by

0 " f thein Nter. In this oacetica to "ad d fr (36).
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It foll,•s easaly from (1.) that at each poirt •' on C the surface ray emnating

from that point is tangent to the incident ray (w ich is t:n~cnt to S at •) -

If PI is any other point on the surface ray emanating from w, ve see fra (17.13)

that tha(p a C 1. (Q) ,"l rUd. 
(2)

.1.

Here the variable of integration a is arclength along the suri ce ray.

before fti•ing the amnlittude of the surface vave ve will begin the con-

stru•.tcm of tbe diffracted rave. Tie "dark" surface of S acts as the (sscis'dary)

source exciting u d. The phase od ot the diffracted vaw. satiulues the elcoaul

equation (i.1i) with Initial data given by

We see from sectiun 6 that sd at Uth solut'o of 9 "oaracteristle initial value

problm for the etconal quation, and that at every point P, on 8 the diffracted

my muttuig f1m PI Is twa4Pt not Oely to S bt • @1s tO the sUrf- -• ra S SIa9eln

tbrv P I. Portions of the lcident, surface, -4 4tfrarted wys n re snkethed

In the follvg ficaure.

The ity my W described as tnU•lIn: The IM1,nt ray ietb ish t tageat to S at

;, aplitfl irato tWo &wU (i branch (not show in tba nlwe) contiwmes va"

the a coN b kuiry the other breach Is the mnsuface m. At eve 7 point ?I (no-

y Sme nt is show.) an its path the saur e r.my pit*ta into two bemambs. 0.s

%,hoeA(gt *how&) eotisA. %Ua the surace 0- nther Mauch Is 1haA e fftrahedt
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ray emanatinL from P1 . From (6.".2) the phase of the diffracted vave in given by

aI (p) - 5 C(P) + .PI ude * r, nda. (4)

c Cs c €
The leading term of the urfaoe wave is given by u - a Zo. In order to

construct the amplitudi s, we consider the vitth dv(o) of an Infinitecimz1 Atrip

(%, wr,-faee Ryes at the eoint. a on a niven surfTce raV. The 'br-onry flux"throuth

suh strip ic prc~c.tiom,,1 to n(a ' ()2 iv,). At th-! rint **A.n vp n&Kaj~
0

Sthat .he fMly" 4." w"1o due to energy lost to the diffracted rays t•i1ch emanate

fre the surface reys in the Inverwal di, and that tht enerey l•.rn to propormunms

to n(ze) 2 wd to the arm *Iomnt 3wo,. Thus

"hq de•oy e t() 4eponA* tAi loesl propurties of tha surface, te m•dium, nd

Um. field. IatetarticM of (5) ý44.ea

a(a) x.o *p 009do).

;t e. we•me tUhat the MpIttude ef '#be surface ww at 0, to pruportiomul

to Lhe waituc of the Itci•mt wave at that point,

SMa d(o1 ) tO IA iIfrICtIoat e&CIQgtftcmt,1M (4,1Y) WV Qh&4IO tIS formAI& ttw

.ha swrLtG* 4 (u) o*( the %Ufrr*.i.1 t4AV* at S U$r4it. I 41=& the &ifft9,'tJ4

; ,r~ ,Ithe ro.et ,

ma ariaiic 40 ,4..elj, are deft"& Im se.tim, 7. VOlson ttoi1t the



alrplitud, ul" :Iu airt'oected davc iý. pruportional to '.lt of the surface wave at

the Nint F

(0) . -;P )z (P(9

The diffraction coefficients d(Ql and d(PI) are assumed to be the same 'umctiun

of the .nWperties of th•j surface. reditam, and the field at the respective points

Q(. an P.. Thia assumption is - un the recirocity princiJpl--a source at

Q produeps the same field at P that a source at P produces at Q. We shall ice that

the values of the diffraction coefficients ani the 4c:ak exponent depend m .&e

boimdL-y comdition.

Prom (6 - e) nn, o'taln

dwtl (YdQ dO, r P,
z,(P•) "- k .;( i X ta).

() 0 1(p) C2a en da(P)

Thrn Ow~s ýllng tLer or L)hz dirfr,-t.4 field is glvvn fty ( 1) ) (I). and

Iksd (P) d', )

c Iksc c
¶'e•-.ei rf.jttfms were 4iletvat 1tAlnw the stwfutc move u- k a which nto leetw~

apptsre In O.w au.e~tL Thi OA.. 10 mv. iW fLA W1 a asy-aptal-1c r;..p. ?:.1o th'.

true solution at the ownary. (This 11 vapeClallv cliar if the boundary canditirn

is u It) It is nerely R tonvealent tnt~e*ief* step it- the -ledcriptmion OW '

'J-T. 'MV !2t'.91 it sI4re'Ler 4!9 V". htewi.A.-V~ the ditfrsrtqd ruise

hovv a ces•c "Asre.

%,r "-fl f S r It w no itclt complete. Actielly the 41rrr%,:1" uavv

ý.onsi:tr or a nattvr of so';? ud I a 1i,?.. of whi~ch vv how* eixwitr-zw,!-< 4.%Y c-

ton nl). shc% tode ma its own diffraction Coefficlont 4. end 4,cay 04KtJnt at.

- t.. . ..-. l 14 q iVer by

flue fac"or at ft. (9) It reqqaired irk Worr Owa. 31P 1 SIOUa14 be 41UUw~iaxLcss.



i <)+ i ndT +.. -] ciýq k1 i
ud (p ) z (Q ,) e xp ik I s 51 -• , 77 sPI

"1n" /do wP -. K

x k-2d (Pl)dj (Q) expf- air) (12)
da(P)ep

eror the cBc 01 U disUtaUefo ItoLb P and! is the 1b ditanct ari f(".21) and (-, 'I N

I () z i Q- ex ik + nT + n2
LI L T (

x k-'~ d( )dlC exp 2 /.()L (13)

Here a is thq distance f'rom P, to P end 1- is the distance fromQ to P1 along

the surface geodesic. Values of d) and m will he given in (19.13) and (19.11 )

nf Sect t on 19.

'f. (7-2)) wne.e•, nr (7.1zI 1 d~ivin• 8 then (12) takec the

ooru

C P lti ) ( )

ud(P) (Q,) expt4. ndao 1 1. .

x It Ct" a(P )U "() eq - ,Oo1 (14)

We set Jrrom ('.23) that

dg(P1 ) lm ý F
da(P) a" - P' t; oda(P) (

IIr•_• is a point on the diffrected reay Joining P1 and P and do denotes Lhe

distance .rom P, to P, along +his ',v.

S' i l " " • 'I I I I ' I I I I I 'I I I
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A 19. Diffraction by a circular cyl i ndpr

Fran (18.7) urd (18.9) we see that the diffraction coefficient d

is dimensionless and (1-.5) shows that the decay exponent m has the dimension of

a reciprocal length. The diffraction coefficient must depend on k because

we expect it to vanish for k -: a. Thus d must be a function of ke where e
*?or. t a~!-neoll mai P~ ltOP radius of

enwvature of the nurmmu. section or 3 in tLhe ray dircction. 'do also assume that

CL depeinia ovAy on k and a. Then d and a can be obtained from the asymptGtl.

expansion of to eenct solution of a problem with aome simple atwfateý 6. In this

section we shall find the expression for the field produced by a line source

vhich is parallel to a ciriller cylinder of radius c in a medium with index

of refractton n a 1. Comparison with the exact solution will yield the

coefficients d and a. The problemvhich is tWo-ditmnsicmLl,is illustrated

In the following tigvre: P

Pr r 7a

Q(010)

Let r denote distance fm the source point Qphlh is located

at the point with polar co-ordinates ( , n). We take the Incident vave,

producod by this source to be (compare section 9)

U, (krt 212ekRg

* The material in this section Is based an EP9).
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The murface rays, which are geode.cca on the cylinder are clearly ercs of the

circles which generate ýhe cylinder, and in (18.13) it is clear that

dw(Q
dv(P 1, and p2 * The asshmptions made above imply that (a) a coast.

and d.(P. -d .(Q.-. Furthermore, since Q, is a point of tangency or a ray

I ~ 2.1 2 _ 21/11/2 r 2 1/ 21/2 ,
--a -'p- ~ iL P-~ (~J i /&

fr-om Q, we see that at 1I ' r Sitlrl a2,1/2a2

Thus (18.i3) yields

x d dJ2 exlp ((ik..mj) T€1 (2)

Equation (2) giles the field on a ray from Q to P having an are of

length I on the cylinder. For the ray Q Q.JP1P, a T • t eare

'Tr a ao - a 0o8 1'(a/b) - a coa'l(a/r). W

bt all rays whch are tangent at Q, encircle the cylinder n times, and leava

at rIV alo contribute to the diffracted field. Flor these rays, Tr T. whee

rn To + 2wa. (4)

We note that

e k e(ik,-Q )- 0 [1ea-ro a(ik- j (e)

n-O



Therefore we may insert (4) in (2) and sum over n. This yields the field

contribution

d ,.a 21 . -/y~ 2 )(-l) e'..•ik[(p2-52)l/2+(r2-.2)l/•+t.i•4 } 3
dre 3•-k 2 2 -1/4 2_ 2 -1/4 (2012 2

d
At every point P there is also a contribution u12 corresponding

tc rays which encircle the cylinder n times in the cppotite direction and

leave at P U can be obauined by replacing g by 2%-Q in (6). Then the

total diffracted field ud d + dIsgvnb
111 12 (s7)e

ul(r,e)v ~i Kr2_2-1/4 (p2-&).4 exp (1k C(P 2_2) 1/2 +(r 2a P)t2) +is/I4)

x E J2 (1-expl2n&(ik-zj )1 "Zexp{((tk-%)ael+,xp{((lk-%,)&(ex-e))1]

.1

x WT (-(ik-a )a~cos-'(a./o)+o,'l (a/r)]

Except for the coefftclents dj and %,,(7) is an explicit formula

for the leading team or the diffracted field. In the viadow region, this Is

the only field. In the "lit region" it must be added to the incident and

reflected fields. The coefficients dj and depandd of course, an the

3 '



-7')- AI9

bolmdary condition specified on the cylinder r = a. We will take this
8u

condition to be the tmpedance boundary condition d- . Ukzu 0 0. Pjre z 13 a

constant.

In f29J the above problem is solved exactly by separaticn of

variables and expanded esympt.nticully for large ka. The result agrees exactly

with (7) if we set

e " 't /6 I.,,, 1/3 G

and (9

d3 *~e"ff,8 (2,)/, e~± 6()/ ~Aq)2qA(qj)/3)1 }

Hereqj is the jth solution of the equation

A (q)
09 * XI/(fA)1/3 2 (10)

and A(x) in the Airy function

A(x) f cos('.3-x¶)d. (1

A (x) denotes dA/dx.

Had ve chosen a constant Index or erractia na, oather than n 1 it

Is clear frow the form of the reduced w•i o equation and the impeda.ne boundary



t..

-79- A19

ecodition that (8-10) would be modified by replacing k by km and z by z/n.

In order to determine the diffract,' m coefficient d (z) an the

dema exponent M (X) (at a point X on the boimdary surface) for the case of an

inhomogeneous medium, compaz ison with other exact solutions (Sec [36] and CA7J

Indicates that we must replace 1/a in (8-10) by the "relative curvature"

[l/n(X) + K(X)]of the surface and the diffra~ted rs.7 emnating from the point X

Here a(X) Is the radius of curvature of bhe normal tvotlon of S at the point

X in the direction of the surface ray at that point, and K(x) is the cuwvature

of the diffracted ray at X. We nov make the replacements.

*",,•X) " (X) , k -.#kn(X), a -.# /n(X) (12)

in (8-10). The result, after some simplification of (9), Is

,.(X) .is/ 6q [6-1 kn(X)]11/3 [a'(x) + ,(X)32/3, (13)

and
d•{X - .*10/2 6-1/6 2'1/4.• )]/ [a'ZX)4KX)'/ 14,) ..

V EqJA 2 (0.)+3f1A I(qj)] t -1/2,

Iwoe q Is the jth eol-Aelm of th eqwic

- ! q . 30/ sk1/3 {6M2(tj)Ia1(X)4K(X)]) }-1/3 * (15)S. . .
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?be boundar condition unedin detwmduing (13-15) is the impedance boundary Ccnditi•n

+ ikzu a 0 , on S. (16)

ee N denotes the normal derivstive. If z is net a constant an 8 It mut be

replaced by z(X) iu (1>).

I'. see from (13) that m. is of order k1 / 3 . Therefore the formulas

(18,12-1h) for the leedinr term of u *rw with tbe general afrm of expansion

studied In section 16. Lover order terms in the aexjnanio for ul cu. IV

pri•ciple, be obtained by bourdary layer methods

A20. 71Ld2 a line sa=*e in.Lj a Lane tr~¶ftind nd. ih naebud

Many interesting ie.atues oC the foregoing theory can be illustrated

by considering problms in which the Index or refraction Is constant on plaeesl.e.,

a function of a single cartestan oo-ordint x, for In this case the ray euations

can be Integrated explititly. e consltder a pwoblm with a plaue boundary at

z and with an index of refraction n(x) which fioresses moarntioally for

xbe x At x I m "e ipose the impedance boundary conditicon, vtth -,ons*f•nt z,

+ iku 0.

A a.t m-a, pwyi.dlemlar to the plane of the fallwing ftue, inm s*at

thbisaanle at the pot (x%, 0).

This is strictly tre moly in the asets a 0 aLd a * a. othervise wq gee rrom (i.) tn,.

qJ In a function of k mw the k depondence of tj Is utacared. If, however, we set

2 . k'1/32.4 were 2. Is indepwvutmw of k then qJ ir independent of k and the above otite-.

ment Is traq Nre nAil ao,

The m al In *Hn 44etion in basod m,
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? (•,)•

As in Se•tio 9 ve •ebsl characteize tle W.-ee by 'the ±nhMogeomua redued

wave equatim '9u + k0 (x)- - u-X-)b(Y. It suffices to conmfne ou attention

to the coasts vtito of the :'!*] in the uWr hilf-plans y > 0.

It we set X v I and donte the praswtw In (2.4.,5) br t, then

tki ray equa.lons take the fr.m

2 2
t tU(2 i , -o. + ( Ti -2. (2)

Fame A ;6- u a2, "ere a is an arbitrar constset. T'he 3st tu eqVastims In (2)

n i t Si,,, a , , it •olui tht
(it at

jvx. 
(3)

siwi ( 1) y(zx t + ~
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T ",ye rezrnating. frost t1--e cource will be called "incident"

rays. Lot tan m be the slope of such a my at the source. TNhn it follows frem

(3) that

a a n(x 0 ) $in a. (5)

Ift o the Incident rays procced to the ri~ht and aregien by
Af O < <" A" rleft

(6)

(n2. a ,, 2. a2 1/p
0

Harte gX ad 0 denote respectively the sielher and larger of x anI x 0

?tOr 4/. &Or* I'ioml.dt C48 '.0-t tlk* ounad'. •mud rv rtflected

bhle the ot.•aii become ertlial and are turned b.ck to the rlilt beftre' Mttlnk

the bou& ry. Ile tee fm& (3) ",n- (',) tlt cuch tu."tlwv "onto occur her

n(x) w * n(x) sin U, %yowL the t%,rtdvk- point su•1, ray .i *1 l," rulled

g.ret1eI d rye. A rL-rticubr rry, ".th C n a Is Unuett to the boundry; i.e.,

Mt3 t'rdlia O;O, 16 at X Tue Fib ts deteralned by tl1e equtticn

v.(%) - nfx.,) ale e%, (*T)

Thia "litidtire roy" Is Illuetrae in thn fl..roe. Its e0ntmation lies •n the

lha4l •aonmdry. Ia1vatt r6yn vith a/Z 4; ( L% pilvucc ief(meted rays at thltr

t.urranl poi:.t.. Incidert is.ys with %', c ,f "Up o refleetet rays at the

boun*,rY. I., AA.tttio the 141tlu r.y prodtt•ew ,, mrtc• r.i i t ho StO.urzy

and lffr, ate4&l ' .e .n tiw •haeow rooon.

In erder ton talettlte the pqbe m au inaloent ruy we use (m.22).
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Thus we obtain

t x>2
r r..¢ 2 2Ix

j ( .a)-t X<
0

Here we have used the identizy, dx t *.n 2 a2 ) it, whinh i,-a derived nhove

eq•ation (3). (6) and (8) nov yield

r, 2.
S (n ar i a +j ••-x 9)2I

J (n a_ ) •
x,. x< X<

The wve produced by an isotropic line source u•s derived in Section 9.

Therero're from (9.10) we W, conclude %hot

In order to calculate we m. from (,) end (6) that

d . a .da m) .I .0f I , (2,

end rrom thet figure ve sow thI

pase - (1 ,,tn2')"l/2 A + 2  *'n•".a4 2 )3 (12)

Rtn,"e dv dv ems ! It CoMlmui that

co * n jj 2_ e (n2(x). 21 j 212 (3
;-• --2- • "

X%,



By I erti. (13) in (i.0 )e t (IAg)

iso 2lao 2-11 -J 1/ L4 (T 2

0 0 0 2Thus the leudine term of the ir...idcnt "rm-1 gis ven by (9), (14) ~nd

Fr < a < a the Iti•idnt my hit the botory. 2bhe carrewospom

re•lected roy is obtulrAd by retflcting the inidmt rey se-osa the horizoaWta

ine y r(Xt)e Thereto- , It Io ;iven by
db •x

y a9(3 a2y,(%.) -y1 (x)W4 i

The pose on the rtrlwted rao to ostained by an ar*int similar to that

vhich I4 to (9). fte resmlt to

r (t%2. ,2 1/2

is order to dstamine the "noet-d %mot~toi, int tuc (10.8).

2hs yields

n(!,)Go ae 0-aar,(%).(% ra() r ce .4,A



Here 0 Is the angle of incidenc. (Or angl, of refitction.). As In (12) we see

that

coo n . % [n2(X)..)12, (19)

L.-n-cc the reflection coeftficicnt r is given by

r.-.,. % .2iI/ .
r.. ;,-b .- ; J (4)

In (xb) - = Ce.

Nxt ve use (3.7) and (3.8) to obtain

trx )J[ (21)

and then (21), (1.8), end (1i) yt*44

*r i (v )*4,(4I 2 V(aj

l (a.- "I)3/J
As Is (13) we coo se.bw Oat)mt (



"".. irchrtluv -2 •n we obtain

r re i/fn 2(x )-a 2J4 4 frn,(X) - 2

00

0~ x
.r dx ,

-2 2 3/2 IL :h ".•J .'-

The le'dirg tem of the re- ].• t i wavo tis tv,:n by (17), (.3v, 2), anm

r
ike -U - • z (::6)

In ordtr to dtc'wmttu the rvnectc4 vuvr ve malher th• nci•1ent

n N,(x) -a-n(xv) sin -1 (21)

lfp f-s Uie tu&rnine poilm (61. Nl) mAr (141 art vilid. t-,;* (10 to

t Imm a mi.. mtrvft. m mist matt i m. m e m imit



- ~A2~)

0 "

(29)

Then -' (30)

T-Aw I twek. x -- 40 *AIn (ii.) th. vrmt Lis(~

!• , '•,"" - tII'÷ ft a

a 10
T m mm lty 9 h as an ll• , ftt 4 C ml e III s te rp i~at m , To m o e "b o

mace a La amunoh, -t- KV- qw bN Is toite mit aoil vwtor end K to w'

owwatwas ath m y. w~lApistuao or (32) by WYIOLia



A20

n2• n . . 2) No 7(i• (33 )
2

We nov ,ipply (33) to the Ithtidient ray at the turning point x0. AL this points 4

N (1,o), hence N% . n,(x) und K . n'(:Q)/n(xd. Thub we see that in (31)

K In the curvature nt the ray at the turning point, j
PAeyond the tur'ning point, the refracted ray in given by (16) with

xb replaced by x(, Similarly the phase to given bjy (17) with xb rsplacid by

x,_. The aiplitude on the refracted ray can be calculated by our earlier

method although a technical diffiuulty aiaesi in acquting from the

ray formila. (An integration b7 parts must firet be performed since straight.

forward d4iferentiation leads Lo an IndOctrminate torm. . The details vi•il b

omitted here.

We nov consider the diffracted tield In the shadow region, The

limiting ray is taneent tn the boundary at the point Q1 (Xbs Yb)- it

"gives rise to a surf•ce ray which proceeds along the bonuimr x i xb as a

straight line5 At each point P1 x, - o b the starf6e ray sheds a dftfraftst

ray, For thece rayo, a w n(x,) sin u ixb). Mnet frr, (ha) the diffrruted

rays are given by

Y Yd(x) .y+ n(3(b )dx

Thus they ftrm e on- pmramrter family of ecrpusnt ouryce,

In order to ipply the foarmla (18.11) for the diftruct fieli we

mast *%Uate the lit (18,15). Firn (1h) ve ase tiLt ay * aye, hena

0



Jv dy cos y ud coo y. Let, P (x',y') e oint on the ,ffrfrmctedray

JOLIne P1 end m (Pyh, Then

Aa(P'1dw(P') Cos 7¶)t *

!n (18.15) % GLOtes the distance from P1 to PO along the ray. aince y q'/

vt.en o 0 we ase thut

Ia cma 7 (r' i coo T 0 V).coor(o) C

pf-' T7- %-O 0 0L!I
-4p,

-ro
0

NOM Is the euvture of the dtffncte wvy (home the euvaturs of the himLtU

MY at the bOWMbry, PNt from (12)0 A(P) Cof T(P)m(f'3)P

(02(a) . D2(%)]/2 tb rm ....t.)= (35), .O (36)
(jd7)

490 coornp 1 ____ . 4

"'CIla Itc Wa (-~~~ V f

lmrre( k)'(1 P, nd 110i) Kr Lcc~} (
% f

y A 14Di|O)1)a
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*v(Ql)
Since the surface rays are straigi*t s lnes • . -thernore

n(_). n(x) and. Mo - n(x%)(yb" yb)' •he surface S Is a pane • n

vhich n and z. are constant. Therefore the diffraction coefficients at P1

and QI are eqml and the decay expxent a, isc oaztaft. T.us

-aj(o)da - (yb-.b)C*j.

To e*culute the chaup in phase along the diftmoted my vue u

s (2-t ax /2 2(.(•x- 1. (39
-n 'b)] b/2

* M.2(nf j 4x *(L(,y

To eabts to(Q2) e mst me v" (31) nthem tMa (14) vleb Is o stwtm,,, at
. _ , . r t 01)•

i(hi)
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mlI (9) (1.2)

' ii(x")ym' + [ (ym/mr

We ray now insert afll these results In (38). This yields

(4&3)

-91- Io ....

i 2(x[2 -2(y )F/"

X I

x e op { n(%r 4 ",14 )l 2(,)])./2 1J 1

so dift"rsOU l e ooflawat 6 S MA the 6eosy eacneft as ane obtaied from

( 1i) by uetting g •/c) w 0. A(X) w K a n'bL)/G(xb)t and -(X)

TUB

qj C-lk.%) 4/3 A3VA

WW
**qo ui/6 .3 (V (Id))

1%* pro-,Lm 4ismeousd It this section a• be solved ematlay by separation

of variables. T"m *a:)ytotic .irpanlou of the slutim anm be obtained Uy

oppXyinL asympto@ , setlhms (the "V.K.I. m•ehd*) fw orIMft dltiereUtl4l

VqmtODS. Awn thls is dche the result's agree vith those we bho' derived (See (1)-



B. AsmWtotic-il!rthods for Hl-woii's ZVUatUcMi

g3 ¶'iINhebrwmic So~utlon of ibxve31' a eqwmtio~n

!L~thouZi solutions of tho yaws equation are frequeft2,y used to describe

II

optical phenoiumn, It Is well known *,.bab a rigorous description of optical

and other electoinwwtlc phenomer can be obtained only by solving Maxwull's

ft.Mi44,w.? fvh' 4h.% 014MW-+ eO4040. f44.1 A+ %40%fAMh "wr.w.4t. anmp dlo

tw.tI&s ane partlcu]Arl7 u~cful for tbit p~oc. We An'l Iase that may

features of the aayotot. anthol for solving Ibxvell' e quatiosa~n asiuindla

to those which we basew mined for the reduced veve sq~attion, and we shell

make full use of the afildarity, Nsvuftialese the weater character of the

,il-Aowagnsnet problen Introdum sIWiti2an- dIffermum whic we sebll

ewMnda In detalL ft. the mrtatal in thids ohepter we are lewgely indshtet to

RA lubreDJ

rraW.I., c a.• in ca.per A s hel.bl earn heimi tim I I e

and .Ilya th e t edue• .. to s of Ibwella equtao n . ?batn an aqpct Ic

seris wil be insewted luto the,. e*tim *aW# eAsqatlaw foe Pbe aOM

&eltis ote otiawm Vwl be derived. We wi No that the IMn ftiM ..

spin setisfis the ejeoasl eqmtione 11u thin naess um at wu PWile vuat

will be Giieftly n*V.io&U*e 2a paniealar we dwUl haew the urns nr eO iMnso

1%, wda diffwinm Is the electramneWi tbmwy Lis* Ina the vwect ea..etet

at tM e sL.Lt%"m amao, e ben ,,. the "nW"" tea I o im• hm e

0"essn" at -U*aelviltuft twota efttsty 401f" M oq s" hiffmsal e te

4 *
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In M.K.. units £38) lbivllIs eqwtions take the fom

IA

-. ,•. a •

Rue &(x,t), (Xt)., are the (real) eleetric and mogwtic flel vectoas,

en c(x), m(X), sad u1 (T) sor thk dieltt.•-e "ecnstOut', uweAsti vs.mmbilitr,
I

.4d ccluctivity or the mw&-m%. D(Xpt) ts the elWezrc chara wazity.

ý jp and o1 ar ssused to be piece.vise smoth fiations ot X.

VW sball be iftwestnd In tims.hveruno tfi&e of the tam

M -x) no[& Ixwl 0 (10" *m e,6 - (5

Th It Ism easy to a" that (1L) 9rA (2) or* matitioqd, poie Ow (coompb1)

seem c.qmiaIti ' 4ll dl.• that 9. 61 IO to

s*mtmatlly cattsftek, (4) my be thC or stolg see defmtoum of 1k

6an ow motiom we hbs remerv tme S 3 eo , a I r U leowius tam of the
Ol*tuem of the electrie ,An mepte fiel %**tam. ids emeemte t the
Wstuom uUet1nn to the ftir ew eumntgoe.

S I I I i n n I I i l n i i i i n I
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Let
A- ., + IDs, A:.' - IB. (7

Here As B are vectors vith real cmcpments rind the ber O-uote- the com.ex

con,"ste. Thur from (5)

'- e ,. .. .. . ...-. .-

It follus from this equatioon that as t aries (at onch point X) the

vet~ (X't) d 2 3 esceibes an ellpce rhich lies in t~u, plans

4wnrSr 4 by .& a k I. This plane of Polar.zatlop 3s thereiFro perpowr.eu.ar

to tm, vector

a X.1 CXiDxA-LAxS afrEx~ (9)

lk Iffinetpal axe* r4 the Uelise corrspond to the *Arem* wluas

(10)

3ftat~g to saro the 1 Aerieti~tve oC (10) Yields

It we Irat (1) tif (l1) ve am thrt t0A ame w1•ae at are

(12



i

The rotio

41to

Is called the ellipticity. the polariaatIOD ic circulz2 If 8 - 1.@., If

an4 Usar If - O, I.e., If

BM W, tu MW GMAOX ,wctw, C. (C." ,, C3). C.1. ICC12 * ICJI I31ý

an waelsh gay it a a 0. some tm pollrIIattIa is ultr It MA my Itf

(1:)Ex . 0.I.1

It to esto Am that (MG) is Ojalwlent to t m oti=

so 1i1

""g*Iss MAl G Lis 8 CG" Vecto

* ~m.3atrm~~~e01M E~j~tWIs 4tliiby
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v ~ + Jim-)

and tha cncrri flux recter (Ptdct f I imne4 by'

. Ex . (19) •

We glv'* flAe tcan sopoding tim-evenragd %awaU~iv,6

2(22

7 MA.

IM (8&MA tbs 1@SOpU equtatnm tu<Uit to ftq to owa that

a,, -.mS %. t ura. -ow4 u 3 Asl,. toP, S% A ol

a, 1,gt194b WEU'/0ee ii the t s(po e @1 o ptr . Ak in ampwe A v
iI'S mu.U p •pt8 ocartat 1o& .syo malm) h a,y' aOo i so ear tint
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the cmqA1g vectorsg btve asyumpt-A e psnions of the aorm

•. Fk (i• € U°",, ,•. .,eL~ 7"(1k)' 1I•. (1),

Tb reel scalar function IMX in satin caftL.. the Vas~e function (orpm, ~s)

If vte Isert (1) in (1.6) am ea.Uect coorrlcioeu orhe sb. poes or (1k)

ve obtain

I s 1,I0... *
I

"Mh eqetlon. tfor a 0 are

%~x •, o=. o*, 170 a. Go -on 0, tT

Memb arA In aU~ r•~uf eqSSmp ve adtS the wbgso %two.•

ue an. at am* 6t.m () (
0

IFtomu (3)e (3)tax t

I
~~'C w~~stz x (We (3 it MALa

the *"Gal ""I"

i ll i i ii i i i i i i i ii i i



(N)2, n,(X). (6)

here n(z) is the Indze of ref'eotioc of to Idlum deftine4 by the eqiatlo

ve note the twsrte fat that the pbwn I(M) .win mustnee the

esleom eqatios. I ftMUoam that the m= totnu'. (rww, uts-furat~e ,et.)

at me eusm•on vwl be the mm as those of oiseo A* Ibn pmitlw the

'enlU of bectims A2 an A6 am be ofetf o ir mohsMe.

33. M tzuiU3'4 etam sto rthe eI9L ,MM e

It " Im ut (64) 100 (*22) &M (1.23) we mo tA 'V v + )

M. a. s # owl) ver

nm rtm (3.)),

"WW I
601ps ~~ ~ ~ ~ ir l N )I ol txV:

2a (3) the left eiA@ awe reaL ft Ith rIC v~t g44e whi4ch aw* G**.)ftte

of am& WWI mn* be $god. nt r"" thet



II
¶i

S ,B3

II

I~~i a vs A.*IIv ,,0 • • T

In ard4or to dtoln 4±Stftvutial oqvmtme fio I a8 iUwS a *

,w XAe= to (2.2) MoWm a 1. " Convenlomee , net I &M = yz ooWn

the eaUtt• by intowI f atitlm maeaa a•dtivity a, (*AhiL

UAte w111 be set "=I to ft".) 042t.) Ai"d

R x 11 A 0%t. VwE * Gin J3XN .0^6.931. fw.W

Use "Auess ane "utria und wepuWWA cc

2^00fiet by M614 .0 410 .e* o. (9)

Vbo duImply newo nQ•,rA toa Its c I ft d*%Ua tbm evitim* ve

0a

(ntr-st. me ,.m,• x (I , x (W I? its (o
mALtiaY te nra* SON"" (a) by 00 MAt am it to th waets ae at a

sihteeo"" OVtA&U we dhesu

(I6h)l . i I xI ItX (iXi) .-In i coo ui3, (Wn)



~1oc-

3A, fr (2.3) 4-I
01 00

R xbm a 0XI- c -0.c(a

(12)

M WO la- oCt41nd amn .9atiac .twVOvM I f..-s mbleh 10 va and IR L.!.e

auwvxlu.Vx(YmlmosoYx(ftl.m¶7 lx)a, Dim :

•~3(KI~Ut~Y~X] ( . .1uv tn}.

,. ( XI , e WieO a,.,, .•,4 .,..ox.,awe

(13)

3cARx3 ( ) ax( it)

Wo w I oft A Aat we Me on1to U&*t3

IAm

9x (A x ) 0A xx 11 0s3)xX VA) -II(Al .% A3 f)

e A *AAS VCA#Z).

am" lot *0 IMik fust " (1)is) £. .a"uiia



oa.

(16)

itx j 2 (P- jk It38+nR 3 ) A z'(R) 4 00(f 02 + I&3 )ul (4.

let X m X(C) be the equation of u zmy anod It us allihoe the pumarmt

T so that li - IE n. [ese the rayey ations (A2-8)1p (M.,9)]. Then

( .W -6 -R. (17)

rban ( j-9z -Os)z . . e use this in (36) swd mite that the vua*sty

In bra-s- met be •isam~m tot. •mtn (16) wy be wittes as

,., (1,.+(,1at+.0- - OR OA)

ion A Ift to U dcu m. ~Sa 0NOR 9a* a WS 0. Yhwef~•,b)

mhz malb"pWestim at by 3.vw saa

ON tip) so (oo) YWo2

*a IW I&IWmas"W 86CU)



-. 02-B

(tI& . onst, A~ is the Iaplaci~n operator). Mwo (18) becomes

. z Z . ___,_

r+ Ape + Vn + Fa 2 (C 2 +IAUA )Z . (23)

Dymeans of the eyevietry proprty (9) ve obtain an~ equation analogous to

(23) for if. We then set q2 -0 in (23) and In this equation to Obta'~i

~+ (&a6 s + 00o 1 O . n) 'suo, (25)

ITI

%iaeee ordinary differential q'Jstions for 3 &M H s.Me a my ean

be si~11tIe~h Te do so ve 1nt~ro * the veatou

a'

amge (27)

Go G

0I
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By Inseting (27) into (24i) ve obrtuin

~ V.4 Ci~i)~ B (20)

IdI

dE2 (i1 ga,0
WT' +÷1(! 1- 9 + -ni v.F + c 01• ztV .O ,

0

(29)

**. € , " - " - /q 4 ic1

7=4 (28) becom 2!
2) Pi V + - v (30)

ftus,,"o thtl m v SMwome a ee emr tot1 l b Ihr; r. ..* 2.61 41 . I + V6 a. (3•1)

00

.ini the W wt A aa3 avitib

m0

L ~ ~ ~ ~ ~~ ~e I I I IIIII o,,... ..

S.. . , , , I I I' ! I I I I I
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2y 1 2v " EOI " lu , at T v (33)
0J

Rar To tI som point on tin rays LtL I# Q m oo3ex i vwLu.r a.eJ*i i 'y the

TWOl P MA Q 4w ditsz wsotoams (1,vs#, POT wQ*4- 1) t*i" T a 'To. W A

(30 Is a ino It, (30) boom

(3" )

4 SM (31) leads toa slaa sqmtlan fm Q We Watlem san (35) saity

ws(32) anus Mtb eut i

AM (34) aM (2.16) we MSe tbot

M a |pae 40% (30)

It wemlUplithe tirasw .qaftlasn I (36) by1 sand wet %be toot l 00TOT .00

*aImok. am it s, m .t P am 4 an. =I" vetwer for al I'. it

saws tons" aim (14) ohm M;u oi Fo a S 1W rn ftm f (.)) ve No t

*• '
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vI, vm ve my hememrfmth aft the subser1t 1, IMs 4 afftestial epmatl

(36) vi..n be furtbher anapzd in smctl 6. n we shal emmi (32) vbsh
I

eteruinss the zeroaSmw avemns enerw dessity v. i
since J log - €. (32) Yields

4

e 4+0I

3 am) s ho, ,

16u(t cl 0. (•

n

*A (hO) Ito tWe tam at. eqatmt1 Wok) ad he a s19OU GMtUin

&d"f % bom, as In nStl is# YnneI I I

VA . coast



If a Is an exelenoth parmater on the ray, (A6.lu) shows that do M nd. ence

u j-& v F; do, end (04) beeom'es

; 
t

i

ftiatinm (145) Metoridnes the variation zf the afcswde.r~ *esge
s 0 dAfhlty v alaion as y. It Is theamleaw of the sobwlon (A3.8)

"of the zas.oordu tranport awtion ter the wedm4e vmev equatio,

)s the lsaUaa ftntlo int1odl* d In section 3*. The ld4•Wer r l'

trwmupat eqvotice for * *ll' e quations aee a• ad I n .

Uwne' uw a tao vUw3as of the zer code fleld veetors, IZ aO5 W a

be Ceat~eaid tram (31i) eM (I.5) one WOIP n 4a

tmL Se eqatIaw t* P ef Q are sotufd to the et seatlaU

ta MAIUM fw VW6 a OC1) bsn me

meamateM.(46)

'Pui eqation eiMr~ee the ueIX-knf UU4VUp at emwo eaMM W'it~o 0n

tube or my*~'. (i*) Geserthe. the dieeielpatosat ump he to the I Otiylt y at

LAOraftim to (1.9) the 31ao at poaarlNut I as Vw~Uanfte to the

MM irtx I, so to sM G4w i4t to p.u@4ifu3.u to the Vest-



Im

sx (p x 1. (vs.• )p. (VS.•)•. O. 111 I
4

rber ,s he pl ne o f pp r. ztu *l an -t o g• ml au) r to 1% , '1e. FAx• I U E

to the MY, Fim (1.13) ve se that to aWo 0s. the .U1$loltY to gVeO bY

z. , . $. ( 2 )

3liateMU (3.36) sIWOli thet 9? an ae MAW* 06 a RON bme tf

e1u~ic "tr to eansteat &1r-7 a M- Y.

am (1,17) we No tha ,n t r. Itfimar aooamte 7 is

wpar"•mol to a Vael wm Ilo', I.e.

' .oo (3) |i

14

h i (2.3) aid (3.34) we am 0 that

T. x P. ,a . x Po p •



IIII I I I II I II i I I I

ivln

T, r. unad Q ar, orthogonal unit voctors.

* ithermore. it i. eftay to see that to zelo order j

Nere ve have absorbed t (constant) phose o? 4 i"to a which to undsteroned

up to an additive constant an a ray.

7or the ease of lisear polarization we my replace P bF P0 Ly (3In )

and write tmt equeaton In thae fti!
I

"np N -' (01, ),IX,. 0. o
0!

an e av Used (A2.1)t herz

(ml')1' . vn. (.io 'aI

Use pr * donates difereftldtie, With relet to We eue lee.. BW Wer aI
ro. 3p 0. Nn po.(nX'), po.( + OX,) 0 48X', &M (9) bec

Po (o.xr . o. 0.) '

4,.
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We next rapply the theory nf cpsee eurves to the ray, and introduce

'C"
the anret veetor T - X', thepbrincipal normal vector N w- , and, the

binormal vector D - T x IL These ect satisfy the Feeqt

N. q + 7% (13)

sn cei the •1nc• unstuwe d y is the torsic of th, curve, Iitth

?°' ÷s; 2 +1? • 1.1 OA

tf Vs frAuBt (1•) Into ( s) Ve ftn

ONI*al *PS*U *Co +01 -, (W.T)

Gr
(O V1ON ( 0  a )s (0.

It Molovn that

W 7. a O f 0 1 O a- O , ( 9
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or

This equation has the solution •doydat
a ÷ .+ (% *L0 + e 1 3 (,) I

Let Q be the angle betveeD ana. vl (see ?±~ure),

I

T N

!o

Mhen, (2) ecome

an G. +1 ,da (22)

]Po a N co a --5 n 0. (23)

Slie u0 T )' P0 . T X 3 a 3, eirI T X I a .1 It tofllw fw= (24 tWe

% wI ine *Boo 06 . (24)

(".2), (223), MA (21) C1v@ the w*'t1on Or the 2*1Mlt v~w wt"F& r, %
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relative to D and V. If the ray remins In one plne then y 0, andO is

CowtKL OLAiu ii ray. A ouffieiet• (W,,4 ,• ,VW.WRmv) condition fa- this is

that the usium be •mwgen•s•s, i.e.,bthat n a comnstf. I
V5 &Deflecion Wn tran"ndsilon at an Interface.j

In this sction, we focus our attetion on an Interkace or srface 8 j

AdLb seporates two reions in which s ad P an smooath fatims. heUse

functions my haev jw* discontinitieu across 8. In reome n 1nd 2j, we

deAnube the functions by £1,M1 end r-29&25 3

tI
" *\ I

The values of the rerfocted and trnudted fi•eMs at the ti.erfwe

cam be derived lion the we2J.. n l~ emISsstwity conditmeion mO the

A
at • a At and thm• ws of f, a •. MUwe wes as tVat the IrmIdent

aI I istI eI d I elI s are defIned In regI Is 1 M the tmut, ,ed is de i e

. . , ,,n 2ein 2, th med ItiIs beIo ( I)

bft X Awaes a ~mat veblE' mL to V poinking in the directOS fMo

region I to region 2 (an tigwe).



ich fie.4 is of the torn (2.1), so it satisfies (2.2), (p.3), etc.

By Inserting the exlmnsions (2.1) Into (1) ve obtain

n -", (2)

air~l: Mv- thpD~ %*h.(vw6v.ew ecomitelntsi.

N x, (S4 S 2 x t, N x (NJ Er ux It"cm5.

Irm (2.3), we have

78 x NJ +a °" "o, %1 x 1. -o" "oL a(0

%X * Ghr - 0j% g jýa0

S, , ÷ o,• .o. '. ;• "o"• c. (6)

we nW ilntI'i e the ]psIsUel aqtutc: .W' the 0me so

x • x(, y. xle). ('1)

tm(2) my te written

fu,,,tutm far (8) ith weepect to an& A"

-m tre weaft o tua1 tof (9) imp" tuf the - .tte--
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V Va l 4% 71A Vat mVol*tJ. (10)

It foUlow* that sr and Vat (and hence tho reflected and transmitted rays)

'It 0 HiO in the Plane of Incidence 46eterMned by Vai and I. (!iias p3ane

In the plane of the figure.) Tartberne (10) IMplUes that ther eidts a

unit vector V and a wql ecalar a sueh ths•t

41

VI i perpendiculr to the plawe of imnidence. (In tho fi•ue T poLntg Into

the paper).

D, eqmti.g the M4ptu,6e o the •, ctor, in (ii)s ve obtain

me~ eagueas a,# 0', appear in the riev". it is cearw that the only solm"Otis

Ot (12) OcmSUOt with the npn are

(13") .rA (14) A&Y U rocol±c .: t" bw of o. d

a SIR



then (1 4 ) has no real solutlcn 0'. This Is the case of total reflection

discusse In Section A13.

In order to determine the amplitudes of thi reflected and trasndtted

flelds, It Is co•venlent to introduce the 3 unit vectors

V, . v x .1l/n,, rv v / 1 , vt . v x (t/"26)

vtwdch appear in the figure. &mce NIs orthoomUl to Vol# it can be xeseed

as a UinAW cmblntion of V1 and V. The su autilo applie to

• .~~~ ~ 01YO XCUv -'•' %v 4•.• % T•.,. .)

Ihee It to easy to aw thet ih.a) ar .etigfi Ir.#?4q4

Is %4w to app4 (3) vw rMet o e1 tOat vYx 3I.
(I x 98,1Ilk; x Io.v• •M Go• G& • .v oo,

4'~ ~ ~% zTa) 4 *~Vu R(YO) a .m4. erM 0 VW~i. (19)

100 (I1 )

1



S1t1arly,

IrXI xiu Z V con~ a(Ž1) , m VxI

ivlj
S U."- cm 0' .TX fit RTc.a e• e , 0' of*-•TX I'-'

amr v'e Výv "a the fact thet

* :--(a. eo). l o . (23)

It we w *iesu (20.22) 1Uo (3) ve o*•tu

• e 0 1 4 0,

Orn I'l a. IO g ot1 il
*1 0 ol or lba IMIAsa rl.IA so twuoAl is

CK 41.,51

r U202



2 pt 2 (51

The ciponents a, of the f.eldi are, respectivel-y, =ira.lel and

notatio for the pOraflel and norml o ponect: of the el.ctric field1

a, nV
Et 1 r.p P,1 Olt

If we amssum tlht

Sn.--Cose' o .*1 .0'

1+--
Irp lp 2Ern , Co of -1 n of

707;; ;CR C~di
n,|



-U7- B6

These ft loot,. tn.o identical to the rOeGMel forMAges for reflfetloii and

tranudsa4on of a plae electrompetic wavo at a VIane i*terfaee. WO hIve,

of emree, shen that they Pre va.li for the zewc-oder term of the

nlsyuotie t.Vansion of an arbItary e1eetrepsatlc lave at an arbitrary

I'moath) lntewlbce. qw Using iuAW rubut.. O'-V Q3. --dti

electric field w the ref2eete4 eii transmtted vays, the zero-mrw refleated

wad transmitted fieli cam be fo ad &amy fwc the 2beesfee..

16 Reflection fron . perflctly coedtiftl awrface

MI wv-U.knwm eonltioa on the electrawet fleIA at the aurfac.

of a p•etet counrtor to that the tU MrI l A161 l5t of suit vanish.

Xi coatrest vith section 5, ve have only iiicidmt iAi r0leietd field., and

tam ombry ce1•tic my Ue stated in the fan

I X (% 4 1 ) - .(

The gaevteswe of this codttltan can be ftaims eselly by sliply i iftlyin

t aa elmtom. of swetioa5 •n sa eliea, why. In th s section ve lst the

sedified eqations, alegt the maw sqitlat ambers t" ý.,Wtllate the

e"pmraeno. fts we eMlta

a us n at (2)

Os... • (x )



S wler r

Vr Orvr r z~

a0 , O -is, (25)

* * (28)

I a 11 8 . 7 • . .

Here as in va tioa5, subscrips p an a dnote coonentsof WA _

lermls.!, and norma to the plane of Incidence. As betoe# these va2les •at

15 used as initial cooedItIo to deterine the ret2cted field all s,•ln

the refl.ttd rtays.

27. edistion frm sos, es. Itffvtootao, si•.r

in ovda to discuss adisbtion from soumes ad difhfrotiou, only

sligbt ufltiaestiome of the results f echapter A ae required. In this

section we present those modtficastlos# toosther with a = or the Sseedlt8

of the present chapter. auatiams web ane taken ftom earlier sectioms low

nmbers to m£air left whicbh Lrleati, their origin.

in N.LS. unitoD bhu r"l Li-mw-lwro slc atric and masntic flelds

san Ovon by

"TW emVIO wt'w 9 (X) a• x;(X) natisty

9
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(1.6) 9 x V+iwe , v6e ,x -Ili" .0. (2)

Here 4(X), ,(X), an o.(X) a". tivevi functions -which cba.'ecaerize the medum. i
F r acea.r - /co0 (Co 3 x 10 8 mter/sc) we inado e uithe

asymptotic exvanstovs

1j zero ar.. ampitude vectors, No. 2 e o R. n satis f I
(2.3) R o. o, +.COO 0 6 iI. I, (,) Go 9 0

( 2.Is)11. g.9. , n. Y. * 0, (,) I

vhl7, s(1) ma'tiatelio the aleornl equation

24

2
(2.7) DI a 24 2L

lamtiam (s) u that I oan be d"ta ba s a k. • s. of I

(and viae.vqxe). (o) s t•at 3 and I are i•rt.1, atbo•ag l and ieeh

CrUM1 to V4, I.e.,to the Mr'. INS (6) It rolars tht the .. s G(X)
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and rays are given by the equations Of sections A2 and A6.

'.4se tipfina the zero.order er.ermy density functlon

1 1•

and the polarization vectors, P and Q, by

P.? •1, Q'•.1, P.. q 0, (10)

and P alld Q each Batim,&.v the first order system of OrdleAry ditferentiftl

equations

A. n(3.36) • -- C, o ()

Eae 0 deies arleon3th aIgs a ray. Thb value of v alog a ary Isgivem

by
.((O. n (, 0 /

00

lea. 1 (a) - Is the exansion ratio intrdwo ed in Section A3. Ir

Iand IR ar given at saw pint an nn ray, than 4t this point v, P, aw. 4

oan ieobmined tron (0)and (9). At any fha ft%, 0# acn thesrjv is

giwqiihy (12) anlP and 4 sn be obtainhd by auYim (11). rw l~s,1
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at 0, 1 and H are gihea by (9).

Ve plane of polarization of' the eslectric field is perpendicular to

the ray awal t•n •lliptieity is congtant on a ray. For the special ease of

linear polarization, i.e.,zero eltipticity, addALtiorl conclusionsoan be

drmvn. In thi3 case,

Here a ia a cc*'.ax i.aer of modulun one aol P. and are real unit vectors

vhich are atuafly orthogonal and orthogoaml to the ray. Partbe•wre to zero

order

-, S. (33

in addition (for the ease cf in•ear polArization) the rotation of the polaritieo

'vectors P and Q are (;enb1"

(•.a.I) 10o V 10 In 0a, (16) -

%a .. sin. a + 3 00 o .

lane I ad 3 are the wit nrml and inormal vaeters of te ray, and

(4.22) ?doo+ '.. •

0
7T I the torelon or SM ray.
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The conditions for rerl.ection and transmiulsun ot an Interface are

given by (2), (13), (14.), arid (29,) or (28) of sectinn 5,. .3imilarly. the

conditions for reflection at a perfect conductor aee Given by (2), (131 and

(25) or (2-6) of sactil= 6.
L u media

Let us call a medlun hoogoneous If n(X) . con-amt. Since in
applicstinns ,& in tmuwt always a constant, conlstancy or n means wnat s

is constant too. In this cuie thw ,ryu xw a.t iait lines and the *&so is

aiv#ýV by

(A4.2) 8 w so + 1,0 (19)

Prom (U) we see that cue vectors P and Q are constant an a -ay and hence

(to zero order) the direction of the major and minor axet of' the ellipse

of polarization are constant. The expa•ion ratio Is given by

(0+ 0)(02 o)

and hence (12) become (a.)

V(d) m (00  (5 %) ~ (P2+ 0o ajdaeJ0 X

~oo an 0e re ronst.afteacn aray. 7ras (9) and (21) venow huve

r~lý+go)1/2
0(o) r •[ o)) o)- 03 {4-(u)

&An a ustid.2ar equationi for L.
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ft4ltion Frra SMures

As In setiim A7,p Points Line, and surface sources my be

uis~ucterized by giving the values Of 8, E# and H (or of a, wt Pp and Q) an

the sourco mawifold K4 This i.s varticuhearly conw :dent when M Is a secondiary

source suc~h as occurs in r'eflection, transedlssion &nd diffraction. The

'I... . iVi 1..... ,4m

,n, Q: iv*cc b here. W #4 raIt. I (I12. I I I in the II

form

da~a0) ; ex [ elf d#1 (23)

n~ ~ raa) n)O43ýWAý

0#

If N4 is a (non-obaracteri3tic) aurfacc S: then on veyout oi ng ray

ve- my wowksure a from 8 az:. -'(a) is Sivan by (23) with co rep~ao by 0.

If isapoint, let db•.b an la ent ofPnI e mangle orthe

darting direations of the rays. Then for e 0d o (o0 o- 202d aO)nd

thej so , W(•.o) d 4.TIs slri a ex:Vn• hn. 18 (2s4)d~

iberb

4(o- • 2 o v(d). (21)

For aL haw"Woimus UMO dan() W. News U~

(s) "or z(a) u/ )/2. (26)

1110 42a el). (27)

" ": I , I I , i " ' ' ' i ii i
,• , i I I ' 1I I.
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If M is a curve dt& (aj d i sin P, qad. (see (AT. 5.) Hance

v4) nJ sin0()

" "(o) o w (o29)

For a homogeneous mdiu•u, do(a) . o(l + -) dl. sin He. nece

r -~ 1/2

wo t ). or 3(d) l~(o) * (30)
n(+a/Pl) 0  (+

Eere '•co). E 1•,o), (31)

%d P, Is given by (A7.17).

If K Is a charact•r•stic mfsce 8, ve set do(o ) o a(O). &me

7(o) o (3)

.r a hmopneaues medium, d(a) 0 0(2 + a) ain Y QO3 d2, and

v(tn) -) 02 .s(0 )d 2 Sn
or i( (Z&*(Jh. .1(0) (3u()
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Ker B(o) is viven by (31).

Diffraction by edges and vertices

As in action A14• if an electromenetic wave (3) is Incident -apon.

an edge or vertex 14, tht on.uifold acts as a secondary srce woducting a

diffracted wave. The phases of incident and diffracted %aves uLtsL-j

1'1 on Mtl, (35)

(d)O iw 4. (36)

The aiffraotion coefficient (d) ts a matrix. As In section A1J4, (35) ivgaýcs

the law of edge diffraction. For a bomo{oneowus medium the field diffracted

by a veftex or edge is giv.n by (26) or (30), s(o) being Siven by (36).

fer an inhaeeneous med•ux ve sball d1scuss diffacttion by an Gap.

The discussion for n -vrtex to camilar. we first use (29), (8), end (31) to ellain

"•(o).,., l ,"....,.� o ÷. IC(.) .(o). F(e). (37)

Thenr (9)1 v obin

PA(0). MA Rd~ o LO ola . (38)

3war the 4iffr~ioted ray vd(a) Is given by (28)# (37), and (36)o WhiebiPaw1(

to 44*m,%udmd by the inpetew. ot differential equations (U) and the .LnitIs3
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C1dition (38). Raving deterImined ld(n) /nn Aa),O(O) Is elven by

The 'phase of the diffrected field to

aC(a) - s(o1 + fna, (.0)
0

and the field associated with the edge difrazted ray to Civen by

d

Por an edge of u perfectly conductir% thin au-w.en, the difrx.etion

coaet'ifAint utrix Is given by equatlon (AU2) of

Diffraotion by a smooth cbect In a hot Mn 8e 1md4Am.

The description oa the phase unctIonee a d and and the roys for

both the surfixo wave andi the diffracted vave is. Ideftical to that given In

chapter A. In order to 4escribe the aqplltude vectors on a sufree ayj, we

first Introduce the vectors t, the unit tangent W the ray, Dý the VAurd

w.Lt 4ootl to the grf~ace, Lmd D3 - D, X q%,. 'Rines t.h. eeiw mm toh(Wsuegutva

the diffrctted ray In a surface geodesic, D2 Ue. along the unit nal utot•he

ay, and ies along the bintacle At a pi4t P on the straliAt diffated

may which leaves the surface Lt P1 Vv G• UN Ue tre•a of Veokts

* IIi Ituatne discussion to aaep rm section I or I 2me ainsm n II

the7 tfor at Iinboe'woue mdGiu hba nmb yet been davoldW.
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by :t.cDV(P) Dvf% 1. We 4ennte thAb mxxoinptns 01. the eletric 14-le

vector e Ik e. in the three directions D, by F, V.

We nov assune that is zero arl thatthe componeuts eii ale

propagate lndependently of each other end satisfy the equatinus of

CMp'.. A. Thom frc (Ai6.Zj)

~ ~ ~ ~1V ] 3 ' 2,3. (42)

We N l (j Dqla sthe c Ieen at jfthe imaidont f&iel F] at
I In %he direction D., ond the other quanlttLes ae de•ined in Section AI1.

%Abe difemntion a e, lotento d, eand the de4fy e~p evnts a,, AN diffrefnt

for the tvo 4oomlante. At, P, tim 4diV.'i"ud t•deA seaociated vith e d1ffneted

ray it gven by (42) anI

*d ((PD 3) ('.3)

For a pulactly *osraJting otbh object the coefftlelnte A, ard

a3 for thM tongentia Coj.~eu 113ar the saw *a %be for & saatar field

tistyinq tho onl~tln u a 0 on the mwftae and hba, can be citained ftm

(A19-13. 15') by settinq t -a . lminlar),v the coafftelefts *Vkdý2 t k

nomal QOum64 1 ane the am az ohe zor a ealer fiel4 mtastylmt !.
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'.oflhtion %- - 0 w. the surface and hence can be obtainid froa the cam

equations by aettin.a z 0 0. Of fcurse v'i must aso G•et K (k) a 0 end u(X) a n in

thep oquatios since the ns.ium is mmogeneous.

I I I I I l I l I I I I , , , , , ,

S. . . ' ' , , I I I I I I I I ! 4
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